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Abstract

In this thesis, I studied the rotational properties of a two-dimensional Bose-Einstein condensate,
which is confined in a harmonic trapping potential. To do this, I started with the single-particle
problem, i.e., with the solution of the Schrédinger equation, which led me to the eigenvalues

and the corresponding eigenstates.

I then turned to the many-body problem, where obviously the interesting question is the effect
of the interatomic interactions. To do this, I used the mean-field approximation, assuming
that the many-body state is a product state. The problem thus reduced to the evaluation
of the “condensate wavefunction”, i.e., of the order parameter. The order parameter satisfies
a nonlinear equation, the Gross-Pitaevskii equation. This equation was solved variationally,

where the eigenstates of the harmonic potential were used as basis states.

To take into account the effect of the rotation, I performed this variational calculation imposing
the obvious constraint of a fixed atom number, as well as a fixed angular momentum. From this
it was straightforward to derive the rotational response of the gas for a fixed angular velocity

of the trapping potential.

My results showed that as the angular momentum of the gas increases, or equivalently as
the rotational frequency of the trapping potential increases, vortex states enter the gas in
a discontinuous way. Eventually, as the angular frequency of the trap approaches the trap
frequency, the effective potential vanishes and the number of vortices increases, while the cloud
expands radially. Clearly, in this limit the mean-field approximation ceases to be valid, and the
cloud enters a correlated regime, however this limit goes beyond the mean-field approximation

(and the present study).



Evyopioticg

O fieha var eLYAELOTACW TOUS YOVEIC HOU TOU Wou oTddnxay Ue GAOUC TOUG TEOTOUS GE O
auThY TNV dadpour]. Tov adeppd pou mou ue éneloe va v Eexviow. Tov Kadnynth KoBouhdxn
INpyo, o onolog ftav mdvta dladéouuog yio 0ToLodHTOTE TEOBANUA avTHETOTIoN. Evog
e€apeTnog emoTRHovVaG xou dvipwnog. Télog va evyaplotiow dhoug exelvoug Tou Ytay

umouoveTixol pall HOU X0l HOU GUUTAEACTAUNXAY OE AUTH TNV Topeld.
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1 Ewoaywyn

1.1 To gouvépevo tng cupnLxvwons Bose-Einstein

To qouvouevo ye to onolo acyohfinxo otny TTuytax pou gpyacio elvon 1 “ocuunixvwor Bose-
-Einstein” [1, 2]. Y10 nopdv xe@dAato ovapépoUal OE OPLOHEVES ELCUYWYIXES X0l AMUPA{TNTES
€VVOLEC TIC oToleg TEEMEL Xavelg Var YVwellel, WOTE VoL XATAVOHOEL TNV PUOLXY| TWV CUUTUXVWUATDY

Bose-Einstein (Bose-Einstein condensates).

To ocuunixvwupa Bose-Einstein etvon 1 xoatdotaon tne UAng mou dnuiovpyeiton 6tay pnolovia
oy doiyv oe Vepuoxpaciec oto andhuto undév (0 K). Anovoia adinkemdpdocwy, ého ta uroldvia
xatohaBdvouy T YepeAwdn xatdo TaoT) Tou cuo THUATOS. Mid duecT) CUVETELL AUTOY TOU YEYOVO-
T0o¢ elvan To OTL X(BaAvTInd PouvOUEVa, Tor OTolol EYOUV VAL XAVOUV UE TOV WxpdX0oHo, elpavilovton

OE HAUXPOOXOTUXO ETUTEDO.

To ev Moy gouvouevo epgavileton o€ ToMG uod cvothuata (Vypd Hho, unep-peuctd, unep-
Ay wyols, TUPHVES ATOUMY, EELTOVIA, QTOUd, X.AT.) XL €YEL ATOTENECEL AVTIXEIUEVO UEAETNG Yia

TOAMEC dexaetiec.

Yyfua 1: TTpwtn newpapotinn eniteudn cuuminvwone Bose-Einstein oe atouixd aépio poufidiou oe
€val appovixd duvouxd [3], to omolo ta deopeler ywewd. To ypdgnuo Seiyver Tnv xotavour tne

ToyUTNTAC TWV ATOUWY PETE TNV ANEAEVVEPWOT] TOUC OO TO JPUOVIXO BUVOULXO.
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1.2 Iotopuxn avadpoui

H npéfredmn yio 0 dnuiovpylo evog ouumuxvouoatoc Bose-Einstein éyive mpdhtn @opd and tov
Ivd6 @uowd Satyendra Nath Bose to 1924, egapudlovtoc otatiotixéc uedddoug otny xBoavtixt
Yewpla. O Bose npoéfiede 6Tt owpatidio ye undevixr wdla neeulag oe molld yauniés Hepuoxpacicg

ogelhouy va xotahdBouy T younhdteen xPovtin xatdo oo Tou cuoThuatog [1].

Emedn, duwe, o Bose dev umopoloe va dnuociebosl TNy epyacio Tou autr, TNV €0TELAE GTOV
Einstein, o omolo¢ tn petégpace ota yepuavixd xat Tn dnpocieuoe. TN ouveyeia o Einstein
yevixevoe v Wéa Tne otatioTixc Bose yio cwpdtio ye pdla, YEYOVOS TOU 00 YNOE OTN YVWOTH
otatiox Bose-Einstein [2]. O Einstein avtidfgdnxe opéowne autd to bialtepo yopoxtnelo Tind
TNG XATAVOUNS, TTOU EMETEETE TNY XATAAND TNE YAUNAOTERNC EVERYELANAC XATAC TACTC ATO UAXPOO-
XOTUXO apllUd aTOUWY ot Wwlot YaunAn, oAl menepaouévr, Veppoxpacio. Tautdypova, o (Blog
napathenoe to e€ng: “From a certain temperature on, the molecules condense without attractive
forces, that is, they accumulate at zero velocity. The theory is pretty but is there also some truth
to it?” O mpoPAnuatiopds autodc tou Einstein agopoloe qavepd tnyv aduvauia tng mapatienong
xai ETAAAUEVCTC TOU PouvouEVoL, ool oL VEpUOXPACIES TOU ATAUTOVVTAY ATAV TOCO YOUNAES TOU

TEAXTIX, Yio ToL OEBOUEVA TNE EMOYNG, XU OYL UOVO, YTAV UTAYOPEUTIXES YLOL TO TELRAUOTAL.

O Albert Einstein xatédeiée autd 10 anotéleoud, T0 0nolo PUGLOAOYIXE OVOUACTNXE GUUTUXVKOT
Bose-Einstein, ev) 1 oxoYEveld COUATIOWY UE OXEQOLO OTILY TOU XUPLIEYOVUVTOL OTO QUTYH TNV
apy ) xaL yevxotepa and tnyv otatioTixy) Bose-Einstein, ovopdotnxay yrnolovia. IMopdhinia pe
oUTd T amotehéoporta, xatd T Sidexetor 1935-1938, avaxoldelc and toug P. Kapitsa, J. Allen
xou Don Misener mévew oty urnep-peuotdénra tou ‘He o anéd touc adehpolc London otny
UTERALY WY ULOTNTA TEOLGIATUY Lol XavoUplal GUUTERLPORE TNG UANG ot younAiés Yepuoxpacieg xou

TOL GUUTUXYVOUATO QavIXay Vo ooy TermTebovTa POAO TNV gpunveia AUTAS TS CUUTEPLPORAS.

Xeeldotnxay 70 yedvia yio va tparypatonomnel 1 cuundxvwon Bose-Einstein oe éva apond cbotnua
70 1995 and toug Eric Cornell xow Carl Wieman oto epyactipio NIST tou IHavemiotnuiov Boulder
oto Kohogdvto, Yuyovtag dropo PouBidiou otn Yepuoxpaoto twv 170 nanoKelvin [3]. Téooepic
urvec opyotepa or ouddec twv Wolfgang Ketterle xouw Randy Hulet mophyayov (oveEdotnta)
ovunuxvopata [4, 5. Ko ou tpeic ouddec ypnowwonoinoav pedodoue Poine pe goc laser xou
eZdrtwon (laser and evaporative cooling) yio vo TETUY0OUY TIC ATUTOVUEVES, TOAD younhéc, Vepuox-
pooiec. Ou Eric Cornell xou Carl Wieman yoipdotnxav to Beofeio Nourneh 2001 poll pe tov
Wolfgang Ketterle yio tnv avaxdiudy) toug.
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1.3 Katnyopicg cwpatidiwy — pnolovia xou @eputovia

Ta cwpatidia Tou cuvavtolue ot @Oon yweilovtal oe dVo xatnyopleg, cOUPWVAL Ue Evay XxBavTixo
’ ’ ’ ’ @ 99 ’ ’ 7 7
Baduod ehevdepiog, tov onolo ovoudlovpe “omv”. E@dcov to omv toug elvan axépono Aéyovton

“urnolovia”, eve dtav elvor Nuaxépono Aéyovton “pepuLovia’.

Yy mepintworn TV gepuoviny exelva UTOXEWTOL TNV anoyopeuTixy apyr Tou Pauli xou otnv
otatuonxy Fermi-Dirac. Me amhd Aoyt auth 1 apy héer 6Tt dbo tétolo (bpowa) cwuortidio
dev umopolv va xatohoufdvouy v (Bl xPavTiny] xatdotaoy Tou cucTAdatoc.  ‘Eva tumixod
TUEAOELY AL PEQULOVIKY Elvol Tal NAEXTEOVIA Y0pw amd TOV TUEHYVOL TOU ATOUOU, TOU XATUANUBAVOLY
g Sldéoueg evepyeloxég oto3ddec. H amayopeutiny apyr| tou Pauli eudiveton yio tn otodepdtn-

o TNE UANG. Pepuiovia elvan, eniong, To TEWTOVIA, TOL VETEOVLA, X.AT.

And v dAn pepld, to unolovia oxohovdolv tn otatioTixy) Bose-Einstein. Y1tn @lorn undpyouv
. : : , ; “ v » p . :
OTOLYEWWON owudtia mou efvor urolovia, ohhd xou “oclvieta”, Twv onolwv To oAixd omy elvou
4 ’ ’, 7 ’ 4 4 .
oax€pono. LTV TEPIMTWOT AUTOY TOV cwUTdlwy Bev oylel 1 anoyopeutixn apyn tou Pauli xou

CLVETWS UmopoLY va Bploxovtar otny Bl xBoavTiny xatdoTao.

Ye 6,1 axohoudel Yo acyohndolue udvo e urolovia, xaddeg o aUTAY TNV XATNY0plo TV COUATIO-

®V €YOVUE TO PaLVOUEVO TNE cupnuxvwone Bose-Einstein.
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2 XYTouyelwdn et And TNV APAVTOUNYAVIXT

2.1 H eievVepn e&iowon tou Schrodinger
Yougwva pe v xBavtid Yewpla, éva cwyotidlo teprypdpetal and plo “xugatocuvdetnon”, 1 otola
TepEyEL OAN TNV TANEOPOplol OYETXE UE TO EV AOYW cwuatidlo. Moadnuatixd 1 xUUATocuVEeTNoT
ouTH eavorolel war XVt e€lowor avdhoyn, ohkd Oyt TaVTOGNUY), UE EXELVH TV XAACILXDV
XOUATWY.  XTNV XAoowxr] Quotxy| €va xOuo xadoplodévou uixoug XOUUTog A xal XUPATdELduou
Kk = 27 /X meprypdpetar and Ty cuvdptnon y = Asin(2rx /) xou ixavorotel Ty dapopixy| e€lowon
y"+r%y = 0. Kat’ avaroyio ge to xhootxd xbpota, unodétouvye 6Tl 1 ouvdptnon ¥ (x) evég Ulxol
xOpotog e xupotdpripo k = 2w /X = 2m/(h/p) = p/h wavorolel Tpelg anautroeic:

1. Eivou ypopuuxy,

2. 'Exet otadepolc ouvieheotée,

3. Avomopdyel T cwoth oyéon evépyelc - opuhc E = p?/(2m).
‘Evo ehediepo owpatidio €yet povo xivnuxr evépyelo xou enopéveg 1 Xoghtoviovy tov H elvou

H = p*/(2m). (1)

Yy xBoavtounyovixt], Ouwe, Ta QUod UeYEDN expedlovTol UECK TEAECTMY.

H opur xPBavtounyavixd expedleton UE TOV TEAETTH
0
= —th— 2

ue amotéieopa 1 XawAtoviovn vo dideTan TEAXA amod T oyéor
h? 9
 2m 9z’

(3)

‘Eyovtac unodiv yog, hoindy, T TRELS AMOUTACELS TOU OVIPEROUE TORITdvw, 1 eAeliepn e&iowon
Tou Schrodinger ypdpeton TeEAxd WG

oY B h2 821/1
et = " om o (4)

6mou Y(x,t) elvan  xupaTtooLVETNoT Tou U e&éTaoT owuatidiou.

2.2 H e&iowomn tou Schrédinger nopovoia e€wTeptnod duvauxoD

H yevixevon e e€lowong tou Schrodinger yia tnv nepintwon mou To cwuatidio xiveitoan uéoo oe
éval duvauxd V(z) oe pio Sidotaon elvou

Loy
ih— - = Hy, (5)
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6mov 0 TeAecThAC TN XaAToviavig expedletal U€ow NG oYEoTg
P2
H=_—
2 vi), (6)
xon emopévanc 1 elowon (4) yedpetar »g
h? 02
th— = _ o + V(x). (7)
I tplodido totn xivnomn n yevixeuon elvon mpogavic. Apxel xavelc vo avtixatac thoel T Xogthtovi-

av) UE TNV EXPEact| TNS 6TOV Tplodldotato Yweo. 'Etol, o teheotic Tng Xoyuihtoviavrg Yo elvan

h2
H= —%VQ + V(r). (8)

Yuvenwg, 1 e&iowon tou Schrodinger otig teelg dlaotdoelg didetan and T oyéon

Loy R,
i, = =5V + V(). (9)

Ipéner va Tovicoupe 6t Tar mpomyoLueva dev anoTteloly amddelln tng egiowone Schrodinger, 7
omofa, 6mwe xan %8V dhhog VeUeMdONS Puoxds vopog, dev amodewvieton [6]. Amo Ty AAN ueptd
1 Loppn Tng Oev elvon tuyaia, oAA elvan pla €AoY exhoyy| Tou umopel var xdvel xdmolog ue Bdon

TOL EUTELRIXA OEDOUEVAL.

2.3 H octatiotixy] eppnvelad TS XVLATOCLVARTNONG

‘Onwg €xet Hom avagpepdel, n xugatocuvdptnon elvon uo cuvdptnom 1 onola TEPLYPAPEL TNV XATACTO-
omn otny omola Beloxeton éva cwyotido. H e&lowon tou Schrodinger €yel wyadixois cuvteleotég,
on6te 1 Abom Tng elvan ev yével g pryodixr) cuvdptnon. Iapadelyyotog ydply, éva eninedo xOua
¥ = exp {i(px — Et)} /h otn pryoduxr Tou wopen elvon Aoon tne eheviepng eglowong Schrodinger,

EVE) TO TEAYUaTXO YEPOC amd HOVo Tou Bev elvau.

H epunvela tng xuygatocuvdptnong dlatunaddnxe yior Tty @oped to 1926 and tov M. Born, xou
ohoxhnewinxe yéoa oto 1927 and toug Born, Bohr, Heisenberg xow Jordan. Xougwvo ye outhyv
TV “oTaTIo TN EpUNVELD, T XUUATOCUVARTNOT BEV AVTITPOCKTEVEL £VOL QUOIXE TAEATNENOWO
Ao xOpaL, oG Eva “wOpa miavotnroc”. To teTpdyrvo TNg amdAUTNG TN TNE XKUUATOCUVERTT-
ong pag 6idet Ty muxvotnTa TavéTnTac Vo Beodue To cwuatidio ot pla teployr) Tou ywpeou. Katd

v otatouxy epunveia 1 tuxvétnta mdavotntac Px) Yo elvon, cuvende,

P(z) = [p(@)* = ¢*(2) 9 (2). (10)
H mdavotnta va Bpolue to owyotitio xdmou uetald x xou & + dr elvon

P(z) dz = |¢(2)|* d. (11)
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H oluer) mdavotnta va Beedel o cwpatidio onoudhrote oto mhfpeg didotnua —o0 < & < +00

oldeTon amd To ohOXAHPWUA

+oo +oo
/P(:z;) dz = / b (2)? da. (12)

Do vau €yel vonua 1 oTATIOTIXY EQUNVELX TNC XUUATOCUVERTNONG TEETEL aUTH 1 OAx) TdovoTnTa

va elvan {on) Ye TNV povada, dnhadn

+o00
[ le@)? dz=1. (13)

H televtaior e€lowon ovopdleton cuviixn xavovixomolnone xou Wiot XUPATOoLVAETNON TTOU TNV

ovoTolel OVOUAZETOL XAVOVIXOTIONUEVY).

AZilel vo onuewwdel dTL 1 exhoyt Tne nuxvotntac mdavotntae, e€lowon (10), Ye TNy cuYXEXPYIEVT
noppY| dev elvon tuyata, aAAd elvol XATAOHEVAOUEVT ETOL OOTE VAL IXAVOTIOLEL T QPUOIXY amodTnon 1
mdavoTnTa v Slatneeiton. Autéd onuaivel 6TL 1 ol mdoavédTnTa TEémel var elvan ave€dpTnTn TOU
YEOVOL OOTE, av Yl piat optauévn yeoviny| oTiyun t = 0 €Y0UUE XAVOVIXOTIOLNGEL TNV XUUATOCUVEp-
nom va avtiotolyel o ok mbavotnTa {on Pe TN Hovada, auTY M) WOLOTNTA Vo OlaTneelTon UE TO

Yeovo.

2.4 AVATTLUYLA OG XUULATOCLUVARTYNOYNG OTLS LWOLOBLVARTHOELS XAl UECT)
T

Kdrde xupoatocuvdptnon ¢ urnopel ndvta vo avantuy el oe plo mAven fdon cuvaptioewy. Mrogolye,

onhadn, va yedouue
Y= Z CnYn. (14)
n=1

Eniong 600 6locuvaptioelg ¥ xat 12, TOU AVTIOTOLY OOV GE OLUPORETIXEG IWOLOTIUES arp Xak Crp Elvow

opYoy®ViEC oL onuaivel OTL
+o0
[ i dz =0, (15)
-0

Av nolamhaocidoovye to 800 uéhn e (14) pe ¥f xaw ohoxAne®oouye taipvouue

+00 . +o00
/ Y de = cn / Vi, du. (16)
—0 n=1



KEPAAAIO 2 I'. Baoiddxne

I4 7 I4 7’ ’ 7 4 4
Emedn, ouwe, ol 18locuvapthoelc 1, xou 1y, eivon opdoywvieg, amd to dipoloua Tou BeUTEPOU

péhoug e egiowone (16) emlel wbévo o 6poc n = kK, ondte Yo Eyoupe
+oo +oo
/ Y dr = ¢y, / Yy dx = cg. (17)
—00 —o0o
Ol cLVTEAECTEC GTO AVATTUYUA TNG 9 OE WBLOCUVIRTAHOELS didovTan, Aotndy, and tn oyéon
“+00
en = / Wb da, (18)
—o0

Ou ouvteheotéc autol pac Aéve to mAdTOC TN aviloTolyng cuvdptnong Bdong otny . Xny

xBavtnh neptypapn 1 péon T evog guoxol yeyédoug A bideton and Tt oyéon
() = [0 (4) do. (19)

AvtxohotdvTtag T TUY0UoU XUPATOGUVAETNOT 1 UE Uit OELRd LBLOCLVAPTHCEWY TOL e€eTalOUEVOU

ueyédoug A €youvue
= [ (Z cz¢;> (Achwn> = 3 ien [ wi(Avy) do. (20)
k n n,k
H e&iowon wbioTipmy evog guoxol peyédoug A €yel tn Lopen

At = oy, (21)

Omou ay, 1 avtioTolym WoTY Tou guolxol peyédoug A. Emmiéov ou xupatocuvopTthioelg elvon

0pYoYOVIEC PETAED TOUG X0 XAVOVIXOTOINUEVES. AUTA 1 BLOTNTA exPEAleTon HadNUUTIXG WG

/ Wi dx = S, (22)
61OV
1 k=n
kn —
0 k+#n,

T0 heydpevo oluoro tou Kronecker, 1) xou 6éAta tou Kronecker. Emopévwg, yio T puéorn tuy

Tou puowol peyédoug A Ja €youue
() = Y cicaan [ Vit do = 3 cientnbin = (4) = 3 leal*an. (23)
k,n k,n n
I'vwpiloupe 6TL 1 péomn Ty evdg otatiotixod peyédoug Loodton Ye

(A) => " anP,. (24)
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Ou 800 auTég exppdoelg elvol TAVOUOLOTUTIEG X0 ETOUEVKS OUTO TIOL UTOEOVUE Vo TOVUE elvan OTL
AV 1) XUTACTACY) TOU CWUATIOIOU OF Uidl OPLOUEVY) OTLYWY| TEQLYPAPETAL OO TNV XUUATOCGUVALTNOT

), T6TE N TAVOTNTA EUPAVIONG TNG WOLOTUNS Crpy Elvor
Py = |cnl? 25
xan Vo mpémel emlong va Loy Vel OTL

Z |Cn|2 =1, (26)
n=1

OOTE VoL LxavoToLelton 1) ool tnom To ddpoloua TwV THUVOTHTWY Yot GAA T EVOEYOUEVA ATOTEAECUATA

va glvar {00 ye Ty povdda.
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3 Enihvon tng e€lowong Ttou Schrodinger

3.1 E&lowor tou Schrédinger oe appovixd duvautxo, ot 600 dlacTdoELS

‘Eva gp@tnua o omolo Yo yag amacyolfoel mo xdtw elvon ol Wlocuvapthoelc Tne e&lowong Tou
Schrédinger oe éva appovixd duvopxd otic dbo daotdoele, V = mw?p? /2, émou p elvan 1 ooetivixd

ueTaBANTYH o xuAvBpég ouvtetaypévee. H Xophtoviavy efvon

H__EVQ_‘_} 2 2 (27)
~ Tom M p

Xdpwv euxohlog Vétovye h = m = w = 1, ondte 1 XolAtoviavy) Tou cUCTHUATOS YivETal

H= % (V2 +0?), (28)

6mou V2 givan o teheotric Laplace, o onolog oe moAwég ouvtetaypéveg elvon

92 190 1 9%

v2:a—p2+;a—p+?w. (29)
H elowon wBiotyedv,
Hy = Ev, (30)
AOYL TV e&lothoewy (28) xou (29) malpvel T poppy
L L = b 1)

292 e, T o

I v Abooupe auty) v Swapopixy| e€iowon Yo yenolonolticoude TNy uédodo TV Yellouévey
petaBAntowv [7]. Trodétovtac 6t ¢(p, 0) = R(p)O(0) xou avtixoahotdvTog Todpvouue
2°0p2  pdp p? 062

Rl/ R/ @/l
VL AL 2 2_2E = -
Py e ) 5

+p?)R® = ERO,

I var ebvan Toe 500 wéhn e dapopixfic e€lowong (o, apol TPOXELTOL Yol CUVIPTNOELS BLUPORETIXDY

2 6mou m OXEPALOC.

HeTABANTOY, TEéel xou Tar dVo va etvan {oa e pio (xowvy)) otadepd, éotw —m
O tpoénoc mou exhéloue authv TN otadepd Bev elvan tuyalog, xadoTL mEémel vo eEacpoloiel
N meptodxoTnTa TG ouvdptnone O(F), ©(0 + 2m) = O(6) (repioodtepa Yot aUTG oxXOhOUVOVY

Topoxdte). ‘Etol, tehnd xatahiyoupe ot axdhouvdes 8o dlapopnéc eEL0MOELS

1" / 1 m2
2 L 22 —2F) = —m2 = R'+-R - R 2_92E)R=0 32
Py P T )=-m +3 p +(p ) : (32)
@Il
5 = —m? = 0" +m20 =0. (33)
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H Mon e e&lowong (33) elvan
() ~ ™ (34)

xou Tedypatt el Ty amoutoluevy teptodxdtnta O(6 4 21) = ©(0), epdoov To m elvon axéparog.
‘Ocov agopd tny e&iowon (32), yio va €youpe Quotxd anodextés Aoele, Yo npénet 6Tay T0 p — 00

1 XUPOTOoLVEETNoT var Telvel oto undév. Wdyvovtoac MNioelc yia ToAD yeydha p, 1 egiowon (32)

Tafpvel Tn woppn
R"+ p*R =0, (35)

agol R'/p — 0, m?R/p? — 0 xou p? > 2E. T va e€aogalicovye auth THY OULTERLPOPE TNC
XUHATOOUVAETNONG VLot HEYAAA p €0Tw OTL auTY| elval TNC HOPPNC

K

R(p) ~ e ™", (36)
Me avTixatdotoon otny napandve e&iowon maipvouue
AH(HZ o 1)p57267)\p" o )\2/€2p2(f$71)6 Ap” + p267)\p" - 0=
Ak — 1)p 2 = X222 4 2 = 0, (37)

O mpwrog 6pog e e&lomong elvan YxpdS OE OYECT UE TOUG UTONOLTOUG OTIOTE TOV ALY VOOUUE XU

xatalfyoupe otny elowon

222D 42 (38)

1 omofo H{deL Yo To % xou A
ko= 2 (39)
A= %. (40)

I o A xpatolue v apvnTiny Aoon yia vo e€acpaiileton 0 UNdEVIOUOS NG XVUATOCLUVAETNONG

oto £00. Apa, tehxd

R~e "2 (41)

3.2 Emnilvom tng teiBdduiag diapopixrc eglocwong
3.2.1 Metatponn tng TeiBaduiag edicwong o S0

H eZiowon (32) e nponyoluevne napaypdpou eivan o tpBdduie Swopopixty e&lowon.  Eivou

YVWoTo [8] 6Tl oe avadpouxés ayéoels ue évay 1 800 dpoug odNyYolv u6vo ol povoPBdiues xa ot

10
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o3ddues eglonoelg avtioTolyad, xaL ETOPEVLS WOVO aUTES elvon axpBne emAUoIES Ue T uédodo
e avanTtudng e Abong ot duvapooeled. o vo yetatpédouue v teiBdduta Swopopixy| e&lowon

(32) tne mponyoluevng mopaypedpou ot dBdduLa VETovue
R=e " (42)
Avuxahotdvtac oty (32) éyovue
—0°Y" £ (20 = p)Y' + (20 + m? - 2p°E)Y = 0. (43)
H teheutola dwupopiny) e€lowon elvon diBdduia. To Brua g elvan I = 2 xou €yel yeyiotofdiulo
0p0 do = 2 xou eharyioToPduo di = 0.
3.2.2 Avadpoplxr OYECT TWV CUVIEAECTWY

Oo avalnthoovue v Aon tne e&lowong (43) und ) poppy| duvapooelpds [8], 1 onola, 6tav ol
OLVTEAEOTES NG Elval YvwoTol, anotehel TNV TANEESTERY BUVATY AVATUEAOTACT) TOU UTOREL Vo EXEL

xavelg yio plor pordnpotiny cuvdptnon. Oa yeddouue t Aon g e&lowong ot Yopph
Y(p)=p°Y amp”. (44)
k=0

O exVétne s oty e&lowon (44) ovoudletar evopxthpta duvaur. H evopxthpio dOvaurn Yo npénet
va elvon war Abom e e€lomong otny meployn TV uixpwy p. o vo tny untohoyicouye xdvouue tnv
avtxatdotaon Y ~ p® oty eZiowon (43) xpatdvtag uévo toug elaytotoBdiuous dpouc. Autd

Tou TEOoXVTTEL elval

p2s(s — V"2 — psp® L am?p = 0=
—s(s —1)p* —sp* +m?p* = 0=
—s24+m? = 0=>

s = |m|. (45)

I'vopilovtag Tig BuvaTéS TIES TOU S UTOPOVUE VoL UTOAOYIGOVUE TOUC GUVTEAEG TEC TNS DUVOUOCELRAC.

Avuxadiotdvrag v egiowon (44) otnv (43) éyoupe

P’ Z ok +8)(k+s+1)p"72 4 (2% — p) Z ax(k + s)pts— 4
k

k
+ (2p% +m? - 2Ep?) Za,{p(kﬂ) =0=
k
= Zaﬁk‘+8)(k+$+1)pk+s+220k]{‘i‘s k+8+2 Zakk+5 k+8)+
k
n QZakp(k+s+2 —&—mzZakas —QEZakPHSH):O-
k k k

11
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Meratonilovtag tov deixtn k xatd 2, (k — k + 2), éyoupe

— appo(k+ 5+ 2)(k+ s+ 1)pF2) 4 oa, (k4 5)pF T+ — g o (k + s + 2)pFTst2) 4
4 zakp(k+s+2) + m2ak+2p(k+s+2) _ 2Eakp(k+s+2) — 0=

= apso[(k+s)(k+s+4)—(m—2)(m+2)] =2ap(k+s—FE+1).

Koatahhyouue, howndv, o ula avadpouxry oyeon 800 dpwv e Brua | = 2, n omola elvon tne wopprnc

20k+s—E+1)
k+s)k+s+4)—(m—2)(m+2)

Qfio = ( ag. (46)

3.2.3 XZuvOnxm TEPUATIOUOL wg cLVINAXT xBAviwong

H 8iBdduia drapopuxr) e€lowon meénet vo €yel teppatilopeves Aoelg, Gote va eEaopoilodel o
UN-OTELPLOUOG TWY WOLOCLUVAPTACEWY Yia UEYAAES TéS Tou p. Ta var yiver autd Yo mpémet 1) 80vopun
TEPUATIONOU VL AMEYEL A TNV EVOEXTAPL XaTd Evay axépono apliud Brudteyv. Ilpénel, dniad,

vou eavoTotelTan 1 ouv i
v=s-+nl, (47)

omou v 1 80voun TEPUATIONOU, S 1 evaexThpla d0voun xou [ To Brua tng dlagopixnic egiowong.

H 80voun teppatiopol neénel enlong va ixavornotel Ty wovoPdiua e&icwon mouv aynuatilouy ol
ueylotoBddmot 6pol e eEiowone (32). MeyiotoBddpior bpot etvan ot 2p3Y" | 2p%Y xon —Ep?Y.

‘Etot, av ylo Aor €yel wg dLvoun Tepuatiogol tny p”, téte

2p3yp(1/71) +2p2p1/ _ 2Ep2pu —0=
wp+2) 4 9p(+2) _9p, 2 — 0 =
v=FE-1. (48)

I'vopilouue %O 6L 1 S0voun évapéne xou to Bua tne Stopopixnc eglowong etvon s = |m| xou | = 2,

avtiotoya. ‘Onote, avixootdvtoc Ty (48) otnv (47) naipvoupe
E=2n+|m|+1. (49)

Bhémouye 6t 1 ouvirnn Omapdng tepuatilopevwy Aoewmy dpa w¢ Wa cuVITXY XBAVTWoNS Tou
eTAEYEL Wt dudxpttn oxoloudia oy,  Av xdnolog napatnprioel v eliowor (46) urnopel va
avTAn@Uel 6Tl 0 6p0og 42 YiveTow Undév xou amd exel xou mépa cuvey(lel va elvan undév dtay o

optduNnTic Tou ¥AdopATOC YivEl xou oUTOG UNOEY. LUVETWG,
2k+s—FE+1)=0=F=k+s+ 1 (50)

12
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Ioyvel, dpwe, 6Tt k = nl xu s = |m|. Kdvovtag v avixoatdotaon otny nopandve e&ionon to

anotéheopa Yo elvon
E =2n+|m|+ 1. (51)
[Tpéner va onuewwdel 6tu 1 e&iowon (51) pog 6ide Tic WLOTWES TG evépyelag evdc owpatidiov, To

omnolo Beloxetar UTS TNV enidpaon EVOS APUOVIXOL BUVOULXOU.

3.3 IBLo0LUVAETACELS TOU APROVIXOU BLUVAULLXOUV

Yy napdypago (4.1), utodéoaue 6Tl oL WlocuvapTAcELS elvor TNS LopPhc

wnm(ﬂ 9) = an(p)em(e) (52)

KOl GUVETLC

¢nm(p, 0) = Cnman(P) €im0- (53)

To yeyovog 6TL €youpe 600 *Pavtxolc aptduolc ogelleton 6To OTL €YOUUE Eva TEOPBANUA duo
oo tdoewy. O xBavtindg aprduog n avtiotoyel oTig SleYEpoelc oTNY oxXTVXT XaTebYUVoT), EVE

0 M OTN YWVIAXT GTEOPOPUY).

Do Tig avdryxeg authc Tng Truytaxrc Yo aoyohniolue povo ue TNy YeUeAlddn EVEQYELIXT XUTAC TAOT)
WS TEOG T axTIXES AUoelg, ondte n = 0 xa and 8w xou 6To €€ 0 xBavTinde aprduog n tideto
{ooc pe to undév (xon mopodelneTon), eved oL WOTWES TN evépyetog Yo divovtar and tnv oyéon
E = |m| 4+ 1. O ocuvieheotic ¢, Omwe Yo dolue moapoxdte, vroloyiletor and v cuviixm

XAYOVLXOTIONCNG

[ 1onlo.0) dp =1 (54

xan expedlel TNy Quowr anaitnor va €youpe ok mboavotnta Véong lon ye povddo. Enedy

E=|m|+1xuv=FE-—1tehxd npoxOntet 6t
v =|m| (55)
X0l ETOPEVWS 1) XUUATOCUVEQTNOT] YRAPETAL TEAXS G

m(p,0) = comp™e P2 M0, (56)

13
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3.4 YToOAOYLOWOG TOU CUVTIEAECTY] XAVOVIXOTOINONG

Ané tn ouvirinn xavovixonolinong,

oo 21 oo 21

[ [ 1ento.0)F0 dp do =1= [ [ 45.(0.0)m(p. 000 dp d = 1.
00 00

Avtxadiotdvrac Taipvouue

27 oo 21

o0
2
//cgnp%”e_pzp dpdd=1 = C?m//p2mep2dp2d9 =1
00 00
xou 9éTovToc U = p?, xoTaAHYOUUE GTO ONOXAFAPWYL
5 ©0 27 oo
%”//ume*“du g =1= cfnﬂ/ume*“ du = 1. (57)
00 0
To teheutalo oloxAfpwua elvan TNS Lop@ng
7 !
- m!
/l'me Az dr = W, (58)
0
OTOTE TEAXE €Y OLUE
9 m!

Agol ot dunY) pog mepintwon A = 1, cuvendg

oml = <= (60)
Cm| = —F/—.
mm!
Emnopévwe, 1 xavovixoTomuévr xupatocuvdpeTnor XL T1 Lop®T)
1 29
m(p,0) = ———pMe P /2 M 61

H e&iowon (61) dider v avtiotoryn Wioocuvdptnon evéc cwpatdiou, to onolo elvar und TNV

enidpaot EVOC dpUoVIXO) BUVOULXOV.
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4 TIpoBAnpa TOAA®Y COUATIOIWY

4.1 Toavtéonpa copatidie

‘Evo. xBavtixd cbotnua N copatdiny meplypdpeton and plor xugotoouvdetnon N uetoBAnTayv
U(ry,..,ry). H perétn tétoiwv xBavtounyovixdy npoBinudtony Zexwvdel and 1o YeEYovos OTu
CUC TAULATA THUTOOTUWY COUATIOIWY TERLYPAPOVTOL OO CUUUETEIXES X0 AVTIOUUUETELXES XUUITOCU-
vopthoelg. Lo va elpacte oxpBelc, Ye 0 CUPUETEIXY] XUPATOCLUVAETNOT EVVOOUUE OTL QUTY
TUPAUUEVEL AVOANOLWTT TNV EVOARaY T} 5U0 OTOLWVONTOTE amd TLC HETABANTES TNS, EVE AV TICUPUETEL-

) onuaiver toe aANdler tpdonuo.

Tavtéonua ovopdloviow 6Aa To owUatidla Tou €youy (Bleg PUOLXES WOLOTNTES, OTWS T.Y., udla,
poptio, omv xou Ao Etnv xPBaviixr dewplo 1 BLAXEIOT TWV TOUTOCTUWY CWUATIOWY Elvor
adUVaTy. AuTé onualvel 6Tl eV UTOEOVUE VoL TOL TERLYEAPOUUE ATOUXE OUTE Kol VO TToEOXOAOVIHCOU-
ue v Wdteen xivnon tou xoevog. To Tavtdonua cwATdle Tou avixouy ato (Blo QUOLXO
cloTNUA TepLYPdPovTaL ooV €va eViolo cUVOAo. AuTH elvon 1 apyh) TS UN BLOXELOWWOTNTOC TWY

TOUTOOTUWY COUATLOV.

4.2 H anayopesutixn apyn touv Pauli

Ac¢ vnodéoouye 6TL €youpe BVO TAUTOONUA CKOUNTOL  DOUPOVRL UE TA TEONYOVUEVA, AUTO TO
oLoTNU Vot TEETEL VoL TEELY POPEL UE TETOLO TEOTO HOTE VoL uny TopaBLdleton 1) Sy TG Un-Oloxplot-
HOTNTOC TWV TAVTOONUWY cuUaTdiny. Eva tétolo chotnua neptypdgetal and Uio XUUATOGUVERTNON

U(ry,r2), n onola e€optdton and tic dVo petaBAntéc r1 xou ro. H éxgpoon
P(r1,r) = [¥(ry,ro)[? (62)

pog oider Ty muxvotnTa miavotnTag vo Beodue To cwpatidlo 1 otr yeltovid Tou ornueiov Iy
XL To owUTdlo 2 0T YelTovld Tou onueiov ro. Ag@ol, dung, Ta cwuatidia elvar €€’ utodéoeng
TawTéoNUA, N TuxvoTNTa TaveTNTog (62) dev meénel va e€aptdton and Tov TedTo aplduncrc Toug.
To anotéleopa, dnAadY, Yo Teénel va lvan avahholwTo otny evadlay? 1 <+ 2. EmBdilovtoag auty

v anaitnon oty (62) naipvoupe
P(I‘17 I‘Q) = P(I‘Q, I‘1) — ‘\I/(I‘l, I‘2>‘2 = ‘\I/(I‘Q, I‘1>‘2, (63)

ONAadn 1 TUXVOTNTA TIAVOTNTAC TEETEL VoL lva plot CUUHETELXY) CUVERTNOT TWV UETABANTWY Véong

TV 800 copatdiwy. Avo nepintdoels pe Tic onoleg 1 (63) uxavornoteiton owtdpata, eivor ot

‘11(1‘1,1‘2) = \I/(I‘Q,I‘l) (64)
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pdoiN
U(ry,ro) = —¥(ra,ry), (65)

ONAAOY OTAV 1 XUUATOCUVEETNOT EIVOL CUUUETELXN 1) OV TICUPUETELXY).

Kataifyouye, cuvente, 0To cuuTEpaoua 6Tl OAAL TO GUCTAUNTO TAUTOOTUWY CWUATIOIWY TEQLYpd-
povton EiTE and CUUHETEIXES, ELTE amd aVTIOUPHETPIXES xupaTtooLvapThoels [9]. Ot Tpdtes teplypd-

pouv unolovia xou oL SEVTEPES PEPULOVLOL.

4.3 ZuoTtHua TOWTOoUWY xal EAEVLVEPWY CWUATLOIWY

Ta cwpatidia evog cuothuatog ovopdlovton “ehediepa” 6Tay dev oAANAETOEOUY UeTal) TOUG.
Ye auth) v meplntwon To xde cuuatio xivelton eVTEADS aveldeTnTa amd To GAAX Xol 1) ONXN
xupatooLvdpeTnom yio unolovixd dropo ¥(ry, ..., r ) Vo elvat TO YIVOUEVO TWV UEPXY XUUATOCUVI-
ethoewy. Anlody,
N
U(ry,..,rn) = [ v(ew). (66)
N=1
Eniong, n ot evépyela Tou cuo THpaTog Yo LooUTol UE TO AJpOLoUO TV EVERYELMY TWV COUATLOWY

Tou. Anhod),

N
E=)Y" Ey. (67)

N=1
Me dMho Adyiar ot (66) xou (67) Sivouv Ti EVERYELAXES LOLOCUVAPTACELS Xtk WBLOTWES TOU GUC THUATOG
TOAAGY COUATIOIY, GOV YIVOUEVO %ot GUEOLoUA TKV OVTIO TOLY WV TOCOTATMY TOU LOVOSKHUATIOLXO0)

npofAfuatog. H ohue XawAtoviov tou cuctiuatog Yo €xel 0 popey

N pQ
H = Z <27J7V1+V(I'N)>
N
= Y Hy, (68)

Yo loolTon, SnAady, we To ddpoiouo N ave€dptntwy 6pwyv, xadévag and Toug 0Toloug AVTITPOCWTEVEL
v Xophtoviovy) evog oopatdiou. Ou xugatoouvaptioes ¥1(ry), ..., ¢Yn(ry) mou eugoavilovio

070 0eltEPO PENOC TS (66) XavoTOLOOY TLC LOVOOCKUATIOWHES EELODOELS WOLOTUOY

HyYn = Enyn. (69)
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Av Spdoovpe thpa ota 800 péhn e (67) pe v ok Xogwuhtoviavy| (68) maipvoupe

N N N N
=1 'L—lN =1 N =1
= Hip(ry) [J (i) + -+ Hvip(en) I v(r)
=2 i=1
N N—-1
= Elfl/}(rl) H w(rz) + - + ENw(rN) w(rz)
=2 i=1
N N
= Z Ez' H ¢(Pz)
i=1 i=1
= E\I/(I‘l,...,I‘N). (71)

To Baowd onuelo oe auth TV Sladoyy| medewy elvor 6Tl xdde ulo and TIC POVOCHUATIOWNES

Xoythtovavée Hy, ..., Hn 5po u6VO 0TOV avTiG TOLYO OO TOU YLVOUEVOL TV XUUATOCUVILTHCEWY.

To cuunépaopa ebvon 6T yia VoL BooUUE TLC EVERYELUXES WOLOTUIES XAl LOLOCLUVAPTACELS EVOS CUC THUATOS

aveddpTNTOY COUATIOIY deV EYouUE Topd Vo AOGOLUE TNV Hovoowuatidiaxt e&lowor tou Schrodinger

h2
< vZ 4 V(r)> ¥(r) = By(r). (72)

2m

H ol 1drocuvdptnon Yo elvar TOTE TO YIVOUEVO TWV UERLXMY LOLOGUVIRTHOEWY XL 1) OAMXT] LOLOTLUY)

70 ddpolopa TV PEPXOY WBLoTIMY [9].
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5 Xuvunixvwor Bose-Einstein

5.1 Oplowodg cupnLxvwone Bose-Einstein

Ou Penrose xou Onsager [10] édwoav éva auotned xpithplo Yo Ty OTopdn EVOC GUUTUXVOUNTOS
Bose-Einstein. Zexivevtog ond Ty xUPatoouvdptnot ToAGY owpatdioy ¥(ry, ra, ..., ry) evog

CUCTHUATOS, XATOLOG UTOREL VoL UTOAOYIOEL TIG LOLOTUES TOU LOVOCHUATIOLNOU Tivoxa TUXVOTNTIG,
!/ /
p(r,r) = N/drg...drN\If*(r,rQ, e, 'N)U(r 12, ..., TN). (73)

4 4 ’ / 7’ 7 4 Ié 7 7 4
Aedopévou 6Tl o mivoxac p(r,r ) eivon Epwitiavog, elvon mévta Suvatév va Beedel wio mAfeng

opvoxavovixr BAon HovoowUATISLIXDY BLOCUVAETACEWY 1;(T) TETOIES MOTE
p(r,r') =Y naf(x)i(r). (74)

Av xapla amd Tic WoTwég n; dev elvon e NG Tou apripol copatdiny N, t6Te dev €youue
ouunuxvwor Bose-Einstein. Av pévo yla and tic wotipég, ag nodue n ng, elvon g téng N
té1e €youpe amhy) oupnixvwon Bose-Einstein, ye to avtiotoiyo biodidvuouo 1o(r) va eivar 7
XUHATOCUVEETNOY) TOU CUUTUXVOUATOC,
plr, 1) = noyig (r)wo(x) + 3 ma (r)wi(r'). (75)
i#£0
Télog, av mapamdve ond pla Wwiotwy elvar e T8ENg tou aptipod TV cATlwy, TOTE TOo

cuunixvoua Aéyetar “fragmented”.

5.2 Yuvundxvwor Bose-Einstein ce 1davixd agpro

Oa Eexwvrioouye pe éva dmelpo cOOTNUA, OTIC TEELS BlHo TAoELS.

Ané v xatavour Bose-Einstein

1

f(E7.U7T) = o(E—m)/kpT _

x (76)

omou E elvon 1 evépyela, (1t To Ynuxod duvouixd xon T 1 deppoxpacio énctan 6ti o évay dyxo V' 1

TUXVOTNTA TV XataoTtdoewy g(E) dideton and tn oxéon

V M3/2
E)= ——FE2 77
EVE 0 opLIUOC TV CWUATIOIY OTIC DIEYEPUEVES XATAOTACELS Elvol
i vM32 T g2
Noge = /g(E)f(E,M =0)dE = o / i dE. (78)
0 0
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H avtiotoiyn nuxvotnta elvan, ToTE,

(79)

MKBT)3/2
2w h? ’

Nexe = ((3/2) <
6mou ((x) n ouvdptnon LAta. To mapoamdve elvor To YVveotd anotéleopo nou xoopilel To GpLo
570 omolo éyouue cuuTUXVLoY Bose-Einstein (nexe o< T%/2). H ouvdhn auth yio cupmixveon
Bose-Einstein efvou 15080vaun e Ty anaitnon Kote to uhAxog xipatoc de-Broglie A = 2nhy/2MkpT
va ebvon ouyxplowo ye ) uéon andotaon YETHE) TwvV atouwy. Av Yéooupe otny TeEAsuTalo
e€lowomn Nexe = Mo UTopolUe va Tdpoupe TNy xplown Yepuoxpacia Tr %xdtw ond Ty onolo €vog

HoxEOoOXOTIXOS apLids cwuaTdiny emowilouyv T YeueAndn xoTdoTaoT ToU GUG THUILTOS.

Tehxd, yio T' < Ty, 0 apduds twv onpatdiny tou cupruxvouatos No(T) to onola Beloxovto
oTnY Yeuelodn xatdotaot dideton and TNy oyéon

No(T) = N [1 _ (;;)3/21 . (80)

5.2.1 3XvunOxvworn Bose-Einstein ce pixpdtepo aptdpd diactdoeswy

d/2)—1

o Blo TéoELC IXEOTERES TLVY TELDY, 1) TUXVOTHTA Twv xatactdoewy eiva g(E) o< B , 6Tov

d o apWiudc TWVY BLIC TACEWY.

Mo ToA) onuavtiny) cuvéneta outoL yiod = 2 xou d = 1 elvan 6Tl To OAOXATIPWUA TG TEONYOVUEVNC
Toparyedpou elvon amoxhivov xou dev emdéyetar Abong. Autd elvor To YV®OTO amotéheouo 6T
0ev undpyel “mpaypaTixd” cuumdxveua Bose-Einstein oe 600 1) plo 0la0TdoEL Yol TETEPAOUEVES

Yepuoxpaaiec, 0To Yeppoduvouixd 6plo.

5.2.2 3vuunvxvwor Bose-Einstein oe éva nenepacuévo cOoTNP

Ye éva obotnua Ye mMemepaopéVo apldud ATOUWY, TO TUPATAVE GUUTERACUAT OEV UG TdoVY
Yoo pxpdtepo apiud dotdoewv(ll, 12, 13]. Evbipépov éxel o yeyovdc 6TL n ahhayt| @dong

TEAYUATOTOLE(TOL HOVO GTO VEQUOBLYVOULIXS OPLO.

H Boowr mapathenon mou xdmolog TeENeL var xdvel elvon 0Tl og €va oUOTNUO UE TETEQUOUEVO
oprdud owpatdiwy xar yia xdmotov aprdud Sieyepuévmy xotaotdoewy E;, n ellowon (78) npénel
var avtixotaotadel and to ddpolopa [11]

> 1

Nexe = Zm7 (81)
1

1=
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T0 omolo dev moEoLCLalel TEOBAAUATI ATOXAONG, OTWS AVTEC TMUPOUCLICTNXAY TEONYOLUEVWLC.
Evodhoxtixd, ov xAmolog yenoWoTOINOEL TNV AVATUEACTACT] UE TO ONOXATIPWUA, TO XJTw OpLo

ohoxhpwong malpvel yior eAGYLoT, UN-UNdEVLXY), TUY.

Emmhéov, av undpyel xdmoto duvopixd péoa 6to omolo teploptlovion To owpatidial, 1 TUXVOTNTH TWY
XATAOTACEWY emneedleTton emlong xou €youpe cuunixvwaon Bose-Einstein, oaxduo xou oe cuc tiuato
woe xon duo dwotdoewy [12]. T mopdderypa, oe éva apuovixd duvopuxd otic d SloTdoel )

TUXVOTNTA TV XoTacTdoswy g(F) eivon avéhoyn tou E4-1L,

To Bacixd cuuTEpUoUa TOU TEOXVUTTEL Amd OAAL TOL TOEATAVK elva OTL 1) BHAWOT TS BEV UTEEYEL
7 . L] 4 7 4 7 4 4 4
ocuunixvwor Bose-Einstein oe cuotipata ploag ¥ xou 8Vo Slactdoewy 6to Yeppoduvouixd 6plo dev

evotadel, e€antiog Tou MeENEPAOUEVOU dELIUOD ATOUMY XOL TOU Y0ELXOV TEPLOPLOUOY TOU dERioU.

5.3 Xvupnepipopd cuunuxvopatog Bose-Einstein uné nepiotpop

Ac e€etdoouye TNV cuuneplpopd evog cuutuxvopatog Bose-Einstein 6tav to Yécouue ot nepiotpo-
¢n. ‘Onog eldaye vwpltepa, To x€VvTpo Tou evilapépovTog ot éva cuundxveua Bose-Einstein eivou
1 poxpooxomxt] xatdindn wiog povoowpatdaxic xatdotoons ¢Po(r). Autd éyelr mol) coPopéc
EMUTTOCELS, 0TS Yo BodUe Topoxdtew. And Tn oYU TOU AUTH 1 XUUXTOCUVAETNOT vl €V YEVEL

uryodwer, urmopel vo meplypagel u€ow tng oyéong
Y(r) = \/n(r) 0, (82)
omou n(r) N TuxvoTnTa Xxon p(r) N don. Troloyilovtog To pedpa tuxvotnTae Tavétntog J(r),

h
J p—
™) =505

[*(X) Vi (r) = ¢(r) V™ (r)] = n(r)us(r), (83)

BAEmoupe 6TL 1 ToOTNTA TOL UTER-PELOTOV Us(T) Elvon

h

us(r) = MV‘P(I')' (84)

H nopamdve e€lowon pag Aéel 6tL 6tav éva cupnuxvopa tedel oe meplotpogn o otpoflloudg
Tou TEBiOL TWV TUYUTATKY ToEOoLCIALEL ATEIPLOUS GE OpLoUEva onueld, oTo OTtola AVTLOTOLYOUY O
divee, ol onolec Bploxovtar otic Yéoeic p = p; (av utoVécoupe 6Tl TO UTEP-PELUOTO XLve(TaL OE €val

eninedo),
quscxéZéQ(p—pi). (85)

EmnAéov, To yeyYovog OTL 1 evEpyelo TEETEL VoL EfVol TETMEQUOUEVT Xl TO TEDO TWV TAYUTATWY

amoxAivel oTig Yéoeic p = p; , N TUXNVOTNTOL ogelhel var undevileTon oe aUT Tor oMuElaL.
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Kdt tehevtaio mou mpoxmtel and auty| TNy emLyelpnuatoroylo efvar 6Tl TO ETXOUTUAO OAOXAPWU
4 4 4 ’ /4 /4 2 Z
Tou TEBOL TWV TAYLTATWY YOPw amd Wa xAELoTH dladpour| elvon xBavtiouévo,

2mh
j[us(r) A=k (86)

omou k évac axéparog apriuog. Ko otny mepintworn auth o xBoavtiopoc tng xuxhogoplag elvon éva

xadapdt (BovTind Qonvouevo.

5.4 Ilpocéyyion wécou nediov — 1 e&iocwon Gross-Pitaevskii

H yehétn tne ouunepipopdc evog ocuunuxvouatog Bose-Einstein podnuotixd yivetonw péow uiog
UFYpoppic popghic tne e&lowong tou Schrodinger [14, 15]. T éva TApmc SUUTUXVLUEVO
oboTnua, Ao Tor cwUatidio TeptypdpovTon and TNV (Bla XUUUTOCUVEETNOY, €0TK TNV P(T), YLt TNV

ornola Loy Vel

+o0o
/ [w(r)|* dr = 1. (87)

H xuyoatocuvdpetnor mou Teplypd@el To CUUTUXVOUN UE TNV TEOCEYYLOT Tou Hécou Tediou elvon To

YIVOUEVO TGV XUUATOCUVIRTHCEWY TOU XAV owuaTidiou, dnhadn

U(ry,...,r Hw r;). (88)

Avt 1 xugatoouvdeTnon eapTdTAL Amd TNV XUVNTXN EVERYELY, TNV eVERYELX E€UTIOC TOU 0PUOVIXOU
BUVOUIXOL xau TNV EVERYELX AAANAETBpaoNE UETACY TwV atopwy. T'a tov unoloyioud tne Tereutaiac
xeetalOUacTE TO SuvouLxd aAAnAenidpaong uetal 800 atéuwy. Autd unopel va tpooeyyioVel and
€val SuvoXS NG axdrouing poppng

Arha

V(I‘i — I‘j) = U05(ri - I'j) = M

6(ri —rj), (89)

onou M 1 pdlo Tou cupatidiou xou a to prfxog oxédaone. H avtiotoryn Xopdtovioavy 16te dideTon

and TNy oyEon

H = i( i >+U025 r; —rj). (90)

=1 1<J

Kévovtag yerion tne Ww016tnTog tng ouvdpetnone dEATa

[ 8@ = a)rt@) do = f(a) o)

N u€omn T TS evépyelag ohAnAeTidpaone o uiot xupatocuVdETNoY, OTKe auth g e&iowaong

(88), dideton and
V) = SNV = 1)Uy [ |l dr. (92)
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Trodétovtag 6Tl 1 XUPATOOLVEPTNOT) TOU CUUTUXVOUATOC etvat p(r) = v N1)(r), ue tnv avtiotoym
muxvétnta n(r) = [(r)]? xo ayvodviac dpouc téEng 1/N, ol omoiot sivan auerntéol Yo ueydho

aptiud aTéUwY, TO CLVAETNOLWXO TN EVEPYELAS Efvor

-~ ( Vil |2+v<r>|¢<r>2+;NUo|w<r>|4> &’ (93)

To enoduevo PBriua elvon vo anoutooupe oL UETABOAEC OTO CUVIPTNOLIXO TNG EVERYEWIS WS TEOG
+oo

T0 ¥*, ue tov meploplopd [ [ib(r)|? d3r = 1, Snhadh e tov aprdpd TwY oTOUGY Vo TopaUéVEL
—00

otadepds, va undeviCovton. O uroloyiouds autdg umopet va nparypotonomdel ye tnyv Bordeia evég

nolhamhaotaoth Lagrange p, dnhodmn

X(0,07) = B, ") = iV [ 0" (0)0(r) . (94)
ToviCoupe 6Tt xadOTL N XVPATOGUVEETNCT EXEL EVOL TRUYUOTIXG XOU €VOL PAVTACTIXO UEPOS, Ol
wetoBoléc xou Tev dVo uepy AauBdvovtar we aveldptntes. Tehnd, and tn ocuvdfixn 6.X/0¢* =0
xatarfyovpe otny eloworn Gross-Pitaevskii, 1 omola elvan

2
(—jww + V() + U0|¢(1‘)|2> b(r) = pi(r). (95)

5.5 AVARTLUYRA TNG XVUATOOLVAETNOYS TOU CURLTUXVOUATOS OTLS

LOLOCUVARTACELS TOU ARUOVIXOU BUVAULXOV

H xupatocuvdptnon xdde ocwpatidiov 9 (r;), onwe éyel Bdn avapepdel, unopel vo avantuydel we
OELRG TOV IBLOXATACTACEWY TOU APUOVIXOU TOAVTOTH Uy, () xau emopévee umopel vor exgppoaciel

we

o0

w(“) = Z sz/}m(ri)a (96)

m=0
OTOV ¢, OLVTEAECTEC, oL omolol ev yEvel elvon piyadixol xan cuvapthoelg e otpogopunc. H
TOGHTNTY e |?, 6TwC Yvwpllouye, didel v mdavdTnTa éva cwpatidio vo Beloxetor oty xatdotaom
Ym, 1 onola ebvon (om e

1

—— pme_p2/2 e™mo. (97)
m!

Um(r) =
Yy nopandve Expeoot éyouue utodéael 6Tl Ta unolovia Beloxovion atny Yeuehiddn evepyetaxt
XATAOTAON X0 TO 00O TNUA TeploTeépeton YOpw and Tov dEova o onolog elvan xddetoc ato eninedo
xivnong Twv atépwy. Ta va Beodue v ehdylotn evépyela Yo utohoyioouvye v péom TN g

eVERYELNG OAANAETOPUONE WG CUVERTNOY TWV CUVTEAECTWV Cpp ol Vo TNV EAXYLOTOTOL\COUUE

emfBdArovtoc dvo meploplopolc. Tnv cuvinxn xavovixonolnong
> leml* =1 (98)
m
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XaL TO YEYOVOS OTL 1) €O TN TN 0TROYopUnS txavoTolel Tny oyéon

> mlem)® =1, (99)

6moL | M oA oTpoYOopUY TOU CUCTHUNTOS avd cwuatido [16, 17].

‘Eva onuovtind gouvouevo mou o(lel va avagepdel €56 £lval 0 EXPUALGUOS TV XATACTAGEWY TOU
CUGTAUATOS, O OTOLOC GUVDEETAL UE TOV TEOTIO TOU XATAVEUETAL 1) GTEOQORUT LETAED N copaTdiwy

TOL CLCTHUATOG OE Evar opUoVLXG duvauixd. H yéon Ty tne evépyetag dlveton and tnv oyéon

(E) = emleml*. (100)

‘Opwe, yvewpillovye 6Tl g, = |m|. Luvende

(E) = mlem|* =1. (101)

Ac¢ mopadéooupe éva mapddetypa yior Vo YIvEL autd o xotovonto. Ag umodétoupe 6TL €youue
N = 2 owpatida pe L = 2 yovddeg otpogpopunc. Anousia TV ahAnAemidpdoewy, UTopel vor €Youue
%o Tot 0U0 CWUATIO OTNY XATACTACT] Y1, 1| VO EYOUUE EVa COUATIO OTNY XATACTACT P XaL vl
owuatidw oty xatdotaon Y. Ko otig 800 TEQIITOOE 1) GUVOAXT| GTEOPORPUY| TOU GUC THUATOS
elvan L = 2, eved enlong xou 1 evépyeta elvon {om 2 povddec evépyelag xal 0T 000 TEPLTTMOOELS.
To evbiagpépov mpoBinua elvor, cLVET®S, Vo Peodue TNV EMUAANALL TOV XATACTACEWY 1) onola
ehaytotonotel Ty evépyeta adAnAenidpaong (Omwe elvan Yvwoto Bdoel e Yewplag diatapoy v

OTNV TEPLTTWON) EXPUAICUEVDY XATAGTATEWY).

‘Onwe yvwpllouye, oL IBLOGUVIPTACELS TOU TERLYPAPOUV TNV LBLOXATACTACY EVOS CLUITIO0L UTd
v enidpaon evic appovixol duvapixol didovtow and tn oyéon (97). T tov unoloyloud tng

evépyelog aAANAETBpooNC Y pelalOUACTE TO ONOXAAPWUL

/\zp\‘* dr (102)

X0l CUVETIG TOL OAOXATIRMUOTO

[ G @ () x) d (103)

Avtxadiotodvrac nalpvouye 6T

21 0o

1
I S (
22VE Il O/O/p

ketltntm) ,~2p? e—i[(k+l)—(m+n)}9p dp db.

[ G0 ) r)
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Kodotl 10 ohoxhipwua

27
[ R dp = 2, (104)
0

CUVETC

21 oo

* * —_ 2 ]C—i-l) -2
[ @ 1) e = B 0/ [ 0 dp o =

0

e=20° dp® =

Sy / (k-+1)
+lm4+n— Y ,716' T ml

1
- - (k+1) ,—2u
5k+l’m+n7r k' m! n! O/U c du, (105)

éxovtoc xdvel Ty ol petoBnthc u = p?. Ané tn oyéon (58) xatodfyoupe TeAxd 0T0

k+10)!
[ U O 0 (5) = Bt e (106)
INédx=0,1=0,n=0xum=0 éyouue
1
[ 1ol dr = [ vy eyvole)dote) dr =5 (107)
Omnodte mpoxinTel TeEAXd OTL
* . (k+1)!
/¢n(r)¢l (r)wm(r)¢n(r) 6k+l m+n2(k+l)m / W}O ‘4 dr. (108)
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6 AmotehEcuata

ITpotol mpoywperiow oty Tapousciaon TV ATOTEAECUSTOVY Uou, TOVILw OTL Yiot GELRE TELPUUATWY

€youv delel Ty UnapEEn BLvedY 6To GUOTNUA TOU PERETE [18].

Yyfuo 2: H muxvotnta evog ovpnuxvouatog Bose-Einstein und meplotpogt, yior SlapopeTixég

TWES TNG YOVIXAS 0TpoopuNg, and melpopa Tou epyactneiov tou W. Ketterle.

6.1 EAlayictonoinom tng eVERYELAG UTLO BESOUEVY] YWVLAXT) OTROPOPUN

I Ty ehaytotonolnon g evépyelag yenoonoidnxe n yAwooa npoypauuatiopod C. Enéhea
OLdPOEOLS YEOUUIXO)G CUVOUNCUOUE LOLOXATACTACEWY, OL OTO(OL AVTIOTOL 00V OF XUTAUC TUCELS
SapopeTtixrc (neptotpogixnic) ovuuetploc. o cuyxexpyéva, ta anoteAéouoto To OTold TOEOVGLY-

Lo To %34T TEOEXLPAV HEVOVTAS UTOAOYIOROUS Yid TiG UTERUETELS

Y = cotho + a2 + caths + cotbs, (109)
Y = cotbo + 313 + s + cotho, (110)
Y = coto + catha + cgPs + cr2912, (111)
Y = coto + c55 + c10910 + c15Y15, (112)
Vv = c11 + ca¥s + 55 + ey (113)
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‘Onwg éxel NN avagepvel, ol neploptopol mou tédnxav oe xdde pio amd TIC MEQINTWOELS Yid VOl

Beolue TNV EAGYLOTN TWH TNG EVERYEWIS Elval 1) SLUVITIXY XavOoVIXOTolNoTg
D el =1 (114)
m
XL TO YEYOVOC OTL 1) UEOT TN TNEG OTEOPORUNG LxavoTolel TN oyéor
> mlem|® =1, (115)
m

omou [ 1 ohixY| OTEOYOREUY| TOU CUCTHUATOS oV CLUATIOL.

Ac ndpouye yia mopdderypa Ty medTn nepintwon. H npdtn cuvinxn poac didet
A+3+E+E=1, (116)
eV® 1) 0elTEEN
2¢3 +4ci +6¢2 =1, (117)

10 omolo elvon €va ahoTnua BV0 e€loWoEwY Ue TEVTE ayvwaTtous. Ediothvovtac Tic dVo teleutaleg

€YOLUE
2 Lo 2
g = 1—5—1—04—1—206, (118)
l
5 = i 2% — 3ck. (119)

Enlone, n e&lowon e evépyewag, n onola mpoxvnter péow g oyéone (108), Yo elvon otny

neplnTworn auty

V)= + d+ozdstodts dd+dd
+ % C(%C% + % cgci + 578 c%c% + 110% c?lc%
+ ?6 cocses + 7\644170 cochce + % CoC2C4C6) U, (120)
6ToL
1 4
uo = SN(N - 1) / lbol* dr. (121)

Ta cq xou cg apédnuoy we ehetepeg petaPAnTtéc pe edpog Ty omd —1 éwg 1, pe Priue 0.001 . H
oTpoopuY| [ Tou cUSTAATOC el EVPOC TI®Y and 1.75 €mg 5 pe Briua 0.01. Xtn ouvéyewa, yia xdde
T TNS OTEOPOPUNC UTONOYIOTNXE 1) EAAYLOTN TWT TNG EVERYELUC YLt OAEC TIC TWES TWV €4 XAl C6.
H petaBinth cp emiéydnxe avdaipeta we Yetinr. Ou dpot mou umopolv va ehayloTonolcouy TNV

evépyeta aAAnhenidpaong elvon oL Tpelg teheutaiol, SLOTL HOVO GE AUTOUS UTORPOUY Vo Teox oLy
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apvnTixég Twwée. O ypapuxée mopaoTdoelg

Tou meoéxuay and TNV Topandve dadixacto elvon ol

axolovVec.
>, 0.25
oY
o) 0.2 1
C
L 0.15 | 1
E _—
S 0.1 — _—
e
= 0.05 1
= 0

3 3.5 4
Angular Momentum

2 2.5

4.5 5

Eyua 3: H ehdyiotn evépyeia cuvopTthioel Tng 0Tpo@opung, Yia TNV UTEpUEan XATACTACEWY 1 =

cotpo + c22 + cathy + cetbs.

> 025
o

5 0.2 - 7
C ) —

W 015} - 7
E T —_—

S 0.1 .
e

‘= 0.05 7
= 0

3 3.5 4
Angular Momentum

2 2.5

4.5 5

Eyua 4: H ehdiyiotn evépyeia cuvopTtioel TNS 0Teo@opung, Yo TNV UTEpUEan XATACTACEWY 1) =

coto + 33 + ce1Pe + cothy.

>, 0.25
oY

5 0.2 - |
C

L 0.15 | : |
5 0.1} -
€

= 0.05 - |
= 0

3 3.5 4
Angular Momentum

2 2.5

Yyfuo 5: H ehdyiotn evépyelo cuvopThoeL TN 0TROYOPUNS, YLot TNV

cotbo + cas + cgig + c12912.
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> 025

) -

5 0.2 | ) 7
C b - -~

Ww 0.5 - T |
E - I e — —_—

g 0.1 - ]
e

‘= 0.05 | 7
= 0

2 2.5 3 3.5 4 4.5 5
Angular Momentum

Yyfua 6: H ehdiyiotn evépyela CUVIRTACEL TNG OTROGPORUNS, Yo TNV LTEPUEDT) XATACTACEWY P =

coto + 55 + cio¥10 + c15¢15.

> 0.25

o

o 0.2 - |
C o T —

W 015 | |
E I T

S 0.1 - .
=

= 0.05 |
= 0

2 2.5 3 3.5 4 4.5 5
Angular Momentum

Yyfua 7: H ehdiyiotn evépyeila GUVIRTACEL TNG GTROPORUNS, Yio TNV LTEPUEDT) XATACTACEWY P =

c1¥1 + cay + ey + crotio-

H tehevtaio ypapuxn nopdotaoy napouctdlel Ty eAdyloTn eVEPYELL OAWY TwV UTEPYECEWY TOU
ueAeTAUNXAY cLVOETHOEL TNE o TEoopurc. T'ia var umopéael xdnolog va TdpeL LXavOTolTIXd AmoTEAE-
OMOTOL YL TWES TNG OTEOYOPUNS WxpdTepeg and 1.75 1 uédodog tou pécou mediou elvan emapxinc
xou o aUTHY TNV nepintworn. Emeldy], ouws, dev undpyel cupueTplo o8 aUTH TNV TEQLOYT] TWWY,
oL unohoyiopol Tou amoutoLVTAL Elval TOAD TEQLOGOTERPOL Xal AEXETA YpovoPBopol. T Tig avdryxeg
QUTAC TNG TTUYLIXAC UEAETHOMXOY povVo TWES TIC 0TpogopuNS HeEYaAUTEReS Tou 1.75. "Eyouy,
opwe, tpootedel ta anoteléopata [17], étol dote va dolel pa mo xadopr| ExdvoL xou VoL UTopEcEL

XATOLOG VoL BEL OAOXATPOUEVA TTOLAL ELVOL 1] CUUTERLPORA TN EALYLOTNG EVERYELXS OE OAO TO EVEOG

TWOV TNS OTROPOPUTNCS.
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0.6
05
04
0.3 |
0.2 T

0.1 B

Minimum Energy

0 1 2 3 4 5
Angular Momentum

Yyfuo 8: H eldyiotn evépyeio ouvopTthoel e oTpo@opunc, Aaufdvovtog umodgw Okeg Tig

unep¥éoelg, ouunepthopBavopévne xo Tic TWéS NS oTtpopopunc and 0 éwg 1.75.

Elvar gavepd 611 og xdie nepintwon n eAdylotn evépyela pewveton xadwe auidvetol 1 oTeopopuy
Tov cuoTAatog. Autd elvon hoyixd, xadwg 600 aLEAVETAL 1) GTEOPOEUY TO dEELO “OTAWYVEL” OTNY

XtV Bleduvon.

6.2 Xvpnixvwpa Bose-Einstein und 8edopévn ywviaxy] TayLINTA TERLCTEOPNS

TOL APUOVIXOU BUVAULXOU

"Eva dA\o @awvouevo mou e€etdoinxe oTny napoloa TTuyLoxt eival 1) GUUTERLPOEH TOU GUUTUXVOUI-

T0¢, 6ty tedel oE MeEploTPOPN U Ywviaxy ouyvétnta Q [16]. O Twéc Tic evépyelag didovton and

N oyéon
E' =FE—Ql (122)

H otpogopur| | malpver Twwée and 0 €mg 5, eved 1 ywvioxr ouyvotnta neptotpoprc and 0 éwg 1.
A&ilel va onuewwdel 6t To mpdTo “oxahondtl” eupoavileTal Yol TNV T TS YOS Tay0TNToG

ton pe 2 = 0.75, xdt mou xdmolog unopel vor LTOAOYIoEL XU AVIAUTIXG HECL TNG OYEoNG
1
Qzl—Z(N—l)g, (123)
OTOU OTOUE UTOAOYLOUOUS ou Yetpnoa 6T
Ng=1. (124)

H ypaguh nopdotacn mou npoéxule polveton TopoxdTte.
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L

O = N W ~ «

- :
0.7 0.75 0.8 0.85 0.9 0.95 1

Angular Frequency Omega

Angular Momentum

Yyfuo 9: H otpogopur| Tou SUCTAUATOS GUVAPTHOEL TNE YWVIOXNC CUYVOTNTOC TEPLOTEOPNS TNG

noyLdog, 2.

‘Onwg galvetan and TN YpopLxy TUedoTaon), XS 1 YOVLOXY CUYVOTNTA TEQLOTEOPNG aWEdveEToL
onuLtovpyolVTAL “oXahOTATIA”, Tal OTOlol AVTLOTOLYOVY GTO OYNUATIOUS BLvey. Xe aviideon pe éva
#haox6 EEVCTO, TO onolo av TO TEPLOTEEYPOUE UTO il YwVioxY) CUYVOTNT TEQLOTEEPETOL (S EVOL
oTEPES WU, ot éva opond umolovixd aéplo xdtl tétolo de cuufaivel. e €va umolovixd aéplo

€)OUVUE TOV OYNUATIOUO BLvdY, To omolo elvon évar xadopd xBavTind Qarvouevo.

6.3 ITuxvotnta Tou cupnuxvopatog Bose-Einstein unéd nepiotpop

Koddg augdvetan ) o tpogopur Vo GUUTUXVOUNTOS 1) TUXVOTNTA Tou petoffdiheton. ‘Oco augdveton
1 GTEOPORPWUY| TOU GLUC THUATOG TapaTNEeiTal adEnom xat Tou apLduol Twy dvoy. Tapaxdtw eppaviCo-

VTOUL UEELXA YRUPHHUATA, T OTOla ovVaBELXVOOUY aXELBME AUTO TO YEYOVOQ.

4 4
2 B
0 0
-2 -2
-4 -4
-4 -2 0 2 4 -4 -2 0 2 4
(a) I =175 (b) 1 =2.

YyAuo 10: TTuxvotnta Tou agplov yio I = 1.75 xan [ = 2.0.
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Dyfua 13: Tuxvotnta Tou agplou vy I = 4.5 xou [ = 5.0.

Evbuagépov, enlong, €yel 1o medio TWV TUYUTATOY TOU PELGTOU XoNOC 1 GTEOPORUY| AWEAVETAL.
Emedn n evépyeia ogellel var elvon TEMEQUOUEVT), OTO XEVIPO TV OLVAOV 1) TUXVOTNTA TOU aEPiou

undevileta.
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KE®AAAIO 6

Al =1

/

7

{0 TV TAYLTATWY TOL PELGTOY Yid GTEPOPORU

7

Yyfua 14: To med

VNN Y VY
PR U A U U

LA A S
VYAV AV AV

Al =1.75.

/

7

{0 TV TAYLTHTWY TOL PELGTOY YLd GTEPOPORU

’

Yyfua 15: To ned
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Yyfua 17: Koatovouy| tov toyuthtwy Yo otpogopun | = 2.50.

33



KEPAAAIO 6 I'. Baoiddxne

7 JUPUTEPACUAT

LTV TTUytax Lou EpY ol HEAETNON TIG TTEPLC TROPLXES WOLOTNTES EVOG cupnuxvopatog Bose-Ein-
stein, To omolo xweiton oe éva eninedo xou Seopedeton YwEWXd and éva dprovixd duvoxd (Tdve
oto eninedo xivnone). M evilagpépovoa mopathenon eivon To YEYOVOS OTL 1 Ywvioxh TaydTnTo
TEPLO TEOPNC TOL duvaxol ) Bev unopel va unepPel T cuyvoTnTa TS Taryidog w. Autd ogeiheTton
0TO XEVTPOQPUYO duvaLxd, To ornolo enfong elvar apuovixd xou oTny eplntworn otny onola 2 > w,
TO a€PLO OV elval TAEOV YWEIXA OECUEVUEVOD. JUVETELN TOU TOPATAVL YEYOVOTOC €lvol oL TO OTL
xodde To £ MAnoldlel 6To w, To agplo “amAdVeEL” otV axTixy dievYuvon. Emlone yio tov (Blo

Aoyo n ouvdetnon [(£2) amoxhiver yia @ — w, énwe eldoye mo TEvVw.

Iepviyvtag ota anotehAéopata TNE £pYUCLAS OV, TO OAO EVOLAPEROY EGTIALETAL OTIS AAANAETUORACELS
petol Twv atéuwy. M mpdtn moAD evliaupépouca mopatrhienon (n omola dev €yel xhaowd
avdhoyo) elvar to 6Tl xadde awEdvel N T Tou Q, apyixd To 0éplo dev amoxplveTow XL UEVEL
axivnto. Auto etvon éval xordopd xBavTind QouvouEVo xaL TEOPavVKS deV Loy VEL OTNY TERITTMON EVOG

xhooixol agplou.

ITépa amd pior xplown TWn TS Ywviaxng ToayutnTag §2 €youue Wa acLVeY Y| UeTdBaon @dong. Xe
QUTAY Lot Olvr UETUMNOA Amd TO AMEWRO GTO XEVIPO TOL AEPioL. XTO YRAPNUOL TNG OTEOPOPUNS
ouvapthoel Tou 2, £(Q), Berxaue éva “oxalomdtt”, To onolo ogeiheton oxplBte o AT TO
pouvouevo. Tavtdypova to aéplo apyilel vo neploTEéPeTtal, KWOTOCO N %x{VNoT) TOU eV AVTIC TOLYEL
oe xivnon otepeol oouatog (pe Ty Tay vt va undeviletan 0to xévtpo e nayidog). Avtiétwe,
To medlo ToyNTATLY Topouctdlel amelplold oto xévipo Tng mayidag, eatiog g Sivng, evd
avTioTolyws 1 muxvotnTa undevieton oe exelvo to onuelo, WOTE 1) EVERYELD TOU GUGTHUATOS VA
unv oanepiletar. Kadde to 2 cuveyiler vo avédvel, nepioodtepes dives Elo€pyovTal 0TO A€PLO oL

avTio Tolywe Teplocdtepa oxahondtia epgavilovton otn cuvdptnon [(€2).

E&loou evolagpépovta elvan xon tar ypapruata to omoia delyvouy Ty muxveTNnTa TOL aEEioL Yo

OLAPOPES TWES TNG OTEOPORUNG. e aUTA QaiveTon xoopd 0 CYNUATIOUOS TWV BLVDV.

Khelvovtag, tovile 6Tl 6ha tar ouvoueva mou mopouoldley oTny epyacia pou ogelhovion o1
Hoxpooxomxt xatdAndn wog xBavtixrc xotdotaong tou cuoTiuatog (e€antiog Tne ouunixvwong
Bose-Einstein). Q¢ ex toltou, ta ev Aoyw @ouvopeva eivon xodopd xBavtixold yopoxthea. Now
UEV XATUCTACELS OLVOV TopOLCLALOVTOL X0 OE XAACXA A€pla, 0TS XUAd YVeEiloupe amd Toug

XUXADVES OTNV ATUOCQALEA, Yo Ttapddetypa. Ev todtolg, ol dlveg mou yehétnoo otny epyasia pou
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elvon xBovtixol yopoxthpa. O dVo Bacixéc diapopéc PeTald Sivedv oe xBoavTtixd aépla, OTWS TO
TopdV xou xhaowxd eivan 6T (1) 1 xuxhogopla elvan xBovtiopévn ota TpdTa xou byt oo dedTERA o
(ii) ota npdTa éyoupe Ty miavéTnTa yeToo tddelog (YLor apxeTd Loy Lpés AAANAETIBEAOELS), EVE OE
€val xhootx6 aépLo oauté dev elvon ToTé Suvartd (N YEAETN TNE peToo Tddelog elvon TEPAY TWV OTOY WV

e TopolouS EAETNG).
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ITAPAPTHMA A

Elayiotonoinon tng evépyeiag

IMopoxdte Qaivetol 0 xMOXAS TOU YENOWOTOLRUNXE Yia Vo YiVOUY Ol UTOAOYLOUOL TIC EASYLOTNG
evépyetag. Ilapouoidleton 1 neplntwony = cotbg + catha + caths + cetbs. Avdhoyol elvon xan ot

umohotmor xHdxee [19].

#include <stdio.h>
#include <stdlib.h>

#include <math.h>

float form(int k , int 1 , int m ,int n);
main ()
{
int n=0 , i=0 , count=0 , min_posl=0 , min_pos2=0;

int countl=0, h=0, min_pos=0;

float min_energy=0, min_energyl=0, min_energy2=0, 1=0, min_c0=0;
float min_c2=0 , min_c4=0 , min_c6=0 , p=0 , min_momentum=0;
float ¢0=0 ,c6=0 , k=0 , m=0 , c2[2] , energy|[2] ,c4=0;

static double num0[10000000] , num4[10000000] , num2p[10000000];
static double num2n[10000000] ,num6[10000000];

static double energy2[10000000] , energyl[10000000];

FILE «filePtrl , xfpl, *xfp2, *xfp3;
FILE «fp4, *xfpb5, xfp6, xfp7;

filePtrl = fopen(”c0c2c4dcb6.txt”,”w”);
fpl=fopen (70246.txt”,"w”);

(

fp2=fopen (”constant0.-0246 .txt”,"w”);

fp3=fopen (”constant2_0246.txt”,"w”);
(

fpd=fopen (”constant4_0246.txt”,"w”);
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fp5=fopen (”constant6_0246.txt”,"w”);
fp6=fopen (”constant0246.txt” ,"w”);

fp7=fopen (”"momentum. txt " ,"w”);

printf(”give step for c4\n”);
scanf("% 7, &k);

printf(”give step for c6\n”");
scanf("%f” , &m);

for (1=1.75;1<=5.01;1+=0.01)

count =0;

for (cd=-1;cd<=1;c4+=k)

for (c6=—1;c6 <=1;c6+=m)

if (1+pow(cd,2)+2+pow(c6,2)—1/2>=0 && 1/2>=2xpow (c4,2)+3*pow(c6,2))
cO=sqrt (1+pow(c4,2)+2+pow(c6,2)—1/2);

for (h=0;h<=1;h++)

c2 [h]=pow(—1,h)*sqrt (1/2—2*pow(c4,2)—3*pow(c6,2));

energy [h]=form (0,0,0,0)*pow(c0,4) + form(2,2,2,2)*pow(c2[h],4) +
form (4,4 ,4 ,4)xpow(c4,4) + form(6,6,6,6)xpow(c6,4) +
2) +

4xform (0,2,0,2)xpow(c0,2)*pow(c2[h

e
4xform (0,4,0,4)xpow(c0,2)*pow(cd,2) +
4xform (0,6 ,0,6)*pow(c0,2)*pow(c6,2) +

+
,2)*pow (c6,2) +

+ + + + + + o+

(
( ) ( )
( Jpow(<0,2)
4xform (2,4 ,2,4)+xpow(c2[h],2)*xpow(c4d,2)
4xform (2,6 ,2,6)*pow(c2[h]
4xform (4,6 ,4,6)+xpow(cd,2)*xpow(c6,2) +
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+ 4xform (2,2,0,4)*cOxpow(c2[h],2)xcd +
+ 4xform (2,6 ,4,4)*c2[h]*xpow(cd,2)xc6 +
+ 8xform (2,4,0,6)*cO*c2[h]xcd*c6;

energyl [count]=energy [0];
energy2 [ count|=energy [1];
num2p [ count|=c2 [0];

num2n [ count|=c2 [1];

num0 [ count|=c0;
cd;
c6;

num4 [ count]|

num6 [ count |

count=count+1;

min_energyl=energyl [0];

for (i=0;i<count;i++)

if (energyl[i]<=min_energyl)

min_energyl=energyl [i];

min_posl=i;

min_energy2=energy2 [0];

for (i=0;i<count;i++)

if (energy2[iJ]<=min_energy2)

min_energy2=energy2[1i];
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min_pos2=i;

if (min_energyl<min_energy?2)

min_energy=min_energyl;
min_cO=num0 | min_posl |;
min_c2=num2p [ min_posl |;
min_c4=num4 [ min_posl |;
min_c6=num6 [ min_posl |;

min_momentum=2*pow (min_c2 ,2) + 4xpow(min_c4,2) + 6xpow(min_c6,2);

else

min_energy=min_energy?2;
min_cO0=numO [ min_pos2 |;
min_c2=num2n|[min_pos2 |;
min_c4=num4 | min_pos2 | ;
min_c6=num6 [ min_pos2 |;

min_momentum=2%pow (min_c2 ,2) + 4xpow(min_c4,2) 4+ 6xpow(min_c6 ,2);

fprintf (filePtrl ,”%.2f %0.6f\n”, 1 , min_energy );

fprintf (fpl,”%.6f\n”, min_energy );

fprintf (fp2,7%.6f\n”, min_c0);

fprintf (fp3,”%.6f\n”, min_c2
(
(
(
(

E
fprintf (fp4,”%.6f\n”, min_c4);
)

I

fprintf (fp5,”%.6f\n”, min_c6
fprintf (fp7,”%.6f\n”, 1);
fprintf (fp6,”%.6f %.6 f %.6 f %.6f\n”, min_c0, min_c2,
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,min_c4, min_c6);

system (” pause ”);

float form (int k , int 1l , int m ,int n)
{

int i=0 , c=0;

double factk=1 ,factl=1,factm=1,factn=1,factc=1;

float result=0,rootf=0;

if (k+l=mtn)

for (i=1; i<=k ; i++)
factk=factkxi;
for (i=1; i<=l ; i++)
factl=factlxi;
for (i=1; i<=m ; i++)
factm=factm=1i ;
for(i=1; i<=n ; i++)
factn=factnx*i;
c=k+1;
for(i=1; i<=c ; i++)
factc=factcx*i;
rootf=sqrt (factk )xsqrt(factl)xsqrt(factm)xsqrt(factn);
result=factc /(rootfxpow(2,c));
return result/float (2);

}

if (k+1!=mtn)

return O0;
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YrohoyLopdg Tou oAxoV ehayloTou TNg evEpyELag

Me Tov mopoxdte xmouxa ouyxevtewinxoay dha to dedouéva mou uoloyicUnxay xou Ue Bdon autd
npogxue 1 EAdYLOTN EVERYELX OAWY TwV uTEpéoewy. Anhady, yio xdde Ty TNg 6TeoPopuns, o
CUYXEXQUEVOS XWOXOG XEUTAEL TNV EAIYLOTY] EVERYELN, CUYXEIVOVTOG TNV EAGYLOTY EVERYELX TOU

didouv oL TéVTE TEPINTOOELS UTEPVECEWY TOL €Y 0UV UTONOYIGVEL UE TOV TpoNYOVUEVO x(OOxa [19].

#include <stdio.h>
#include <stdlib .h>

#include <math.h>

main ()
{
FILE smyfilel , xmyfile2 , smyfile3 , xmyfiled , sxmyfile5;
FILE sxmyfile7 , xmyfile8 , xmyfile9, smyfilel0, xmyfilell;
FILE xmyfilel3 , sxmyfilel4d, xmyfilel5 , s«myfilel6, xmyfilel7;
FILE s«myfilel9 , smyfile20, smyfile21 , sxmyfile22 , smyfile23;
FILE sxmyfile25, xmyfile26, s«myfile27;
FILE sxmyfile6 , xmyfilel2 , sxmyfilel8 , xmyfile24;
float energyl, energy2, energy3d, energy4d, energyb, l, min_energy=0;
float momentum=1.75, min_cl, min_c2, min_c3, min_c4;
float ¢c0.1 , ¢c2_.1 , c4.1 , c6_1;
float ¢c0.2 , ¢3.2 , ¢c6.2 , c9_2;
float c0.3 , c4.3 , ¢8.3 , ¢cl2.3;
float c0.4 , ¢c5.4 , ¢cl0.4 , clb_4;
float ¢1.5 , c4.5 , c¢7.5 , cl0_5;
int 1, j;
myfilel=fopen (70246.txt”, "r”);
myfile2=fopen (70369.txt”, "r”);
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myfile3=fopen (704812.txt”, "r”);
myfiled=fopen (”7051015.txt”, "r”);
myfileb=fopen (714710.txt”,”r”);

)

myfile7=fopen (”constant0.0246.txt”,”r")
myfile8=fopen (" constant2_0246.txt”,”r"”);
r”)

k2

myfile9=fopen (” constant4d_0246 . txt”,”

9

myfilelO=fopen (" constant6.0246.txt”,”r");

myfilell=fopen (” constant0_0369 .txt”,"r”

9

)

( )
myfilel2=fopen (” constant3_0369 .txt”,”r”)
myfilel3=fopen (”constant6_0369.txt”,”r"”);

( )

myfilel4d=fopen (” constant9_0369 .txt”,"r”

9

I’

myfilel5=fopen (”constant0.04812.txt”,"r”

myfilel6=fopen

b

r”)
"constant4d 04812 .txt”,"r”);
myfilel7=fopen (”constant8_04812.txt”,”r"”)

?

(
(
(
(

myfilel8=fopen(”constant12_04812.txt”,”r”);

myfilel9=fopen (" constant0_051015.txt”,”r”);
myfile20=fopen (” constant5_051015.txt”,”r”);
myfile21=fopen (" constant10_.051015.txt”,”r”);
myfile22=fopen (”constant15_051015.txt”,"r");

myfile23=fopen (”constant1_14710.txt”,”r”

r”);
myfile24=fopen (”constant4_14710.txt” ,”r”);
r”)

b

?

(

(
myfile25=fopen (” constant7_14710.txt”,”
myfile26=fopen (" constant10.14710.txt”,”r”);

myfile27=fopen ("min_constant.txt”, "w”);

myfile6=fopen (” Totalminimum. txt”, "w”);

for (j=0;j <=325;j++)

{
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?

fscanf(myfilel ,”%f” &energyl

I

fscanf (myfile2 ,”%{” &energy2

fscanf (myfiled ,”"%f” &energy4

?

( )
( )
fscanf (myfile3,”%f” &energy3);
( )
( )

fscanf (myfile5,”%{” ,&energy5b

I

i

fscanf (myfile7,”%f”,&c0_1);
fscanf (myfile8 ,”%f”,&c2.1);
( )i
( 1

fscanf (myfile9 ,”% ", &c4_1
fscanf (myfilel0,”%f”,&c6-1);

I

fscanf (myfilell ,”%f”,&c0_2
fscanf(myfilel2 ,”%f” & c3_2
fscanf (myfilel3 ,”%{”,&c6_2
fscanf (myfileld ;"% {7 & c9_2

9
)

)

)
)
)
);
fscanf (myfilel5,”%f”,&c0.3);
fscanf(myfilel6,”%f”,&c4_-3);
fscanf (myfilel7 ,”%f”,&c8_3);
fscanf (myfilel8 "% f”,&c12.3);

fscanf (myfilel9,”%f”,&c0.4);
fscanf (myfile20,”%f”,&c5_4);
fscanf(myfile21 ,”%f”,&c10_4

fscanf (myfile22 ,”%f”,&c15_4

)
).

?

fscanf (myfile23 ,”%f”,&c1.5);
myfile24 "% {” & cd_5);
myfile25 "% ", &c7.5);

fscanf (myfile26 ,”%f”,&c10.5);

fscanf

fscanf

(
(
(
(
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if (energyl<=energy2 && energyl<=energy3 && energyl<=energy4
&& energyl<=energy5)

min_energy=energyl;

min_cl=c0_1;

min_c2=c2_1;

min_c3=c4_1,;

min_c4=c6_1;

}

if (energy2<=energyl && energy2<=energy3 && energy2<=energy4

&& energy2<=energy5)

min_energy=energy?2;

min_cl=c0_2;

min_c2=c3_2;

min_c3=c6_2;

min_c4=c9_2;

}
if (energy3<=energyl && energy3<=energy2 && energy3<=energy4
&& energy3<=energy5)

min_energy=energyJ;

min_cl=c0_3;

min_c2=c4_3;

min_c3=c8_3;

min_c4=c12_3;

}

if (energyd<=energyl && energyd<=energy2 && energyd<—=energy3

&& energyd<=energy5)

min_energy=energy4;
min_cl=c0_4;
min_c2=c5_4;

min_c3=c10_4;
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min_c4=cl5_4;
}
if (energyb<=energyl && energyb<=energy2 && energy5<=energy3
&& energyb<=energy4)

min_energy=energys;
min_cl=cl_5;
min_c2=c4_5;
min_c3=c7_.5;

min_c4=c10_5;

}
fprintf (myfile6,”%0.6f\n”, min_energy );
fprintf (myfile27 ,7%.2f %.6 f %.6 f %.6 f %.6 f

” :
%.6f\n”, momentum, min_energy ,

, min_cl, min_c2, min_c3, min_c4);

momentum=momentum-+0.01;
if (momentum>5.01)

break ;

system (” pause ”);

}

YT ToAOYLOUOG TNG CTROPORPUNAG TOL CULTUXVOUATOG UTO BESOUEVY]) Y W VLAXT
TAYLTINTA TEPLO TEOYPNG
I Tov uToAOYLOUS TNE OTEOYOPUNE TOU CUCTAUATOS WS CUVAETNON TNS YWVIaXTE cuyvoTnTag €2

Yedptnxe o enduevoc xHdxoc [19].

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

#define size 10000
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main ()
{
int j=0 , i=0 , count=0 , min_pos=0 ;
float momentum , Omega=0 , energy[size]| , min.LL , Omegal[size];
float min.o , L , min , angular[size]| , min_energy[size];
float min_energyl , mom;

FILE sxmyfilel , sxmyfile2 , xmyfile3;
myfilel=fopen ("momentum. txt” ,”r”);
myfile2=fopen (” Totalminimum . txt”, ”r”);
myfile3=fopen ("Omega. txt”, "w”);

for (j=0;j <=690;j++)

fscanf (myfilel ,”%f”, ,&momentum ) ;

angular [ j]=momentum;

fscanf (myfile2 ,”%f” &min_energyl );

min_energy [ j|=min_energyl;

}

for (Omega=0;0mega<=1;0mega=Omega + 0.00001)

for (j=0;j <=690;j++)

energy [j]=min_energy [j]+angular|j]+(1—Omega);

min=energy [0];

for (i=0;i <=690;i++)
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if (energy [i]<=min)

min=energy [i];

min_pos=i;

}

mom=angular [min_pos|;

fprintf (myfile3 ,”%.6f %.6f\n”, Omega, mom );

}

system (” pause”) :

}

YRoAoYLoQOG TNG TUXVOTNTAG TOL agpiou

[N tov unoAoyloud TNS TUXVOTNTOC TOL AEPlOL O XWOLXAC TIOL YeNotdonoinx e elval o YAOCO
MATLAB xou aiveton togondted. Ol Té Tou avapépovTol avTLoToLY oLV OTNV YeupLxY| Toedo TaoT

(13.1)

clear all

syms x y m rho theta

c0= 0.44353470.5

cd= —0.71593770.5

c8= —0.36700870.5

cl2= 0.39498970.5

rho=sqrt (x"2+y"2)

theta=atan (y/x)

ff (m)=exp(—rho"2/2)*rho " m«exp (ixm+theta)/(pixfactorial (m))”0.5
ffinal=cOxff(0)+cd*ff(4)+c8xff(8) + cl2xff(12)
dens=ffinal*conj(ffinal)

ezcontour (dens, [—5,5]);

axis square;

set (gca,’ FontSize ’,20)
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We consider a weakly interacting Bose-Einstein condensate that rotates in either a harmonic, or a weakly

anharmonic trapping potential. Performing numerical calculations, we investigate the behavior of the gas in these
two cases as the angular momentum, or equivalently as the rotational frequency of the trap increases. While in
the case of a purely harmonic potential the gas makes a transition from the mean-field regime to the correlated

Laughlin regime, in the case of anharmonic confinement the mean-field approximation remains always valid.

We compare our derived results in these two cases, using both the mean-field approximation, as well as the

diagonalization of the many-body Hamiltonian considering a small atom number.

DOI: 10.1103/PhysRevA.100.023606

I. INTRODUCTION

One of the main characteristics of cold-atomic systems
is that, under typical conditions, they are dilute, i.e., the
scattering length for atom-atom elastic collisions is much
smaller than the interparticle spacing. Under these conditions
the system is well described by the mean-field approximation.
In the case of bosonic atoms, within this approximation the
many-body state is simply a product state, and this leads to the
well-known Gross-Pitaevskii equation, which is a nonlinear
Schrodinger equation.

The experimental realization of correlated states, where the
mean-field approximation breaks down, as well as their theo-
retical study, has attracted a lot of attention in recent years.
Candidate systems for the realization of such states include
Bose-Einstein condensates in harmonic and anharmonic traps
under rotation, see, e.g., Refs. [1-18] and [19,20], in optical
lattices, see, e.g., Refs. [21], and in artificial gauge potentials,
see, e.g., Ref. [22], etc.

In the case of rotation in a harmonic trapping potential
there is an interesting transition as the angular frequency of
the trap, or equivalently as the angular momentum of the
gas increases. One may distinguish between two regimes, the
limit of slow and fast rotation. In the first regime the angular
frequency of the trap 2 is smaller than the trap frequency
w, while the total angular momentum of the system L is of
order the total number of atoms N. In the second regime 2
approaches w, while L becomes of order N2.

In the limit of slow rotation the system is well described
by the mean-field approximation. The correlations beyond the
mean-field approximation lower the energy of the system to
subleading order in N (i.e., linear in N). On the other hand,
in the limit of rapid rotation, the correlations play a crucial
role. In this case even the leading-order term (i.e., quadratic in
N) of the energy is affected and, remarkably, the interaction
energy reaches its absolute minimum, i.e., it vanishes, for
L > N(N — 1). Actually, the many-body state of the system

2469-9926/2019/100(2)/023606(10)
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for L = N(N — 1) is given analytically by the bosonic version
of the Laughlin state [23] that appears in the quantum Hall
effect [24,25]. We stress that in this regime the mean-field
approximation cannot in any way describe accurately the
lowest-energy state of the system.

In the case of rotation in an anharmonic trapping potential,
which we also examine in the present study, for slow rotational
frequencies of the trap the system is well described by the
mean-field approximation. Depending on the value of the cou-
pling and the angular velocity, the lowest-energy state consists
either of giant vortices, a vortex lattice, or a combination of the
two, i.e., a vortex lattice with a hole at the center of the trap
[26-35]. As we have shown recently [36], in the limit of fast
rotation the Laughlin-like states, which one gets in the case
of a purely harmonic potential for L > N(N — 1), are highly
fragile against giant-vortex states, in the presence of even a
very weakly anharmonic potential.

In the present study we consider a Bose-Einstein conden-
sate that rotates either in a harmonic trapping potential or
in a weakly anharmonic potential and study the transition
from the limit of slow to the limit of fast rotation. More
specifically, in what follows below we describe in Sec. II
the two basic approaches that we use, namely the mean-field
approximation, as well as the method of diagonalization of the
many-body Hamiltonian.

Then, in Sec. III, we evaluate the energy and the rotational
response of this system using both the diagonalization, as well
as the mean-field approximation for the cases of harmonic
and anharmonic confinement. We proceed in Sec. IV with the
evaluation of the single-particle density distribution and the
pair-correlation function that results from the diagonalization
in both a harmonic and in an anharmonic trapping potential.
In Sec. V we present the results from the overlap of the
many-body state in the presence and in the absence of the
anharmonic potential, as well as the eigenvalues of the single-
particle density matrix in the two cases. Finally in Sec. VI we
describe a summary of our study and our conclusions.

©2019 American Physical Society
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While numerous studies have investigated some aspects of
the problem that we have considered here, the present results
are experimentally relevant. First of all, in any experiment,
deviations from a purely harmonic potential are unavoidable.
In a recent study we have shown that the Laughlin state is
highly fragile due to these deviations [36]. According to the
results of the present study, we argue that this fragility is more
general and it shows up all the way between the limit of slow
rotation, up to the limit of fast rotation. In other words, even a
small deviation from a purely harmonic potential collapses the
many-body state to a mean-field state, destroying any possible
correlations that go beyond the mean-field approximation.
Therefore, the experimental realization of correlated states is
very difficult, even if the limit of fast rotation is reached.

II. MODEL

We consider bosonic atoms, which are confined in a plane,
via a very tight potential in the perpendicular direction, and
are also subject to an axially symmetric trapping potential
along their plane of motion, V(p), where p is the radial
coordinate,

V(p) = 30°(1+1p%). )]

This trapping potential is assumed to be either harmonic,
A = 0, or weakly anharmonic, 0 < A < 1. (We set the atom
mass M, the trap frequency of the harmonic potential w, and
/i equal to unity). The atom-atom interaction is modeled as
the usual contact potential, Viy = g2pd(p — ,5/ ), where gop
is the strength of the effective two-body interaction (for the
effectively two-dimensional problem that we consider).

In our analysis below we consider weak interatomic inter-
actions, i.e., we assume that the interaction energy is much
smaller than the oscillator quantum of energy, i.e., gopnap <K
fiw, where nyp is the typical two-dimensional density. This
assumption allows us to restrict ourselves to the lowest-
Landau-level eigenstates of the harmonic potential.

1
In = e @

where z = pexp(i¢), with ¢ being the azimuthal angle in
cylindrical polar coordinates and m > 0 is the quantum num-
ber corresponding to the angular momentum (negative values
of m correspond to states outside the lowest Landau level).
We stress that even in the case of the anharmonic potential,
A # 0, to lowest order in A the eigenstates are still the ones of
the harmonic potential. The corresponding eigenenergies are

en=m+ 3 0n+ Dn+2), 3)

where m > 0.

A. Diagonalization of the many-body Hamiltonian

The Hamiltonian in second-quantized form is

H = Zema ap + = Z Imnkl a a akal 8m+n,k+ls (4)

mnkl

FIG. 1. The full energy spectrum of the many-body Hamiltonian
in the rotating frame (in units of /iw), for 2 = 1, in a harmonic
potential, for g = 0.1, N =4 atoms and 0 < L < 12, where L is
measured in units of /.

where a, destroys an atom in the
state Y, g = gon J |Yol* d*p = gap/(2),
(m+n)!/[2"" min k]

Within the lowest-Landau-level approximation there is a
degeneracy of all the states with some given angular momen-
tum. As aresult, one has to use degenerate perturbation theory
and diagonalize the interaction term within the subspace of
these degenerate states. Within this approach all the states
with a given atom number N and a given angular momentum
L are constructed and then the resulting Hamiltonian matrix is
diagonalized. Obviously one has to truncate the single-particle
basis states ¥, up to some maximum value of the quantum
number m, Miyax.

An example of such a calculation is shown in Fig. 1, where
we have considered N = 4 atoms, and g = 0.1, 0 < m < 6,
with L ranging from L=0up to L =N(N — 1) = 12. The
Laughlin state includes single-particle states with m < 2(N —
1). The whole spectrum (i.e., all the eigenvalues) that results
from the diagonalization of the many-body Hamiltonian is
shown in this plot, in the rotating frame, E — L2, with
Q = 1. In a harmonic potential £ — L is also equal with
the interaction energy. We observe that the lowest energy
decreases with increasing L, since the gas expands radially.

single-particle
and [y =

0 2 4 6 8 10 12

FIG. 2. The full energy spectrum of the many-body Hamiltonian
in the rotating frame (in units of Zw), for Q =1, in an anhar-
monic potential, for L = 0.1, g=0.1, N =4 atoms and 0 < L <
12, where L is measured in units of 7.
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=

Y 0.1
0

L/N

FIG. 3. The (minimum) interaction energy per particle in the
rotating frame, (E — LQ)/N (in units of hw), with Q =1, eval-
uated within the mean-field approximation (solid line) and within
the diagonalization of the many-body Hamiltonian (solid line with
crosses), in a purely harmonic potential, for g = 0.1, N = 6 atoms
and 0 < L < 30, where L is measured in units of /.

We also see that the lowest energy vanishes for L = 12,
which corresponds to the bosonic Laughlin state. The same
calculation in an anharmonic potential, with A = 0.1 and for
the same parameters as in Fig. 1, is shown in Fig. 2.

B. Mean-field approximation

Within the mean-field Gross-Pitaevskii approximation one
has to minimize the energy

i *
En/N = —ﬁ/(wg‘”) VAU d?p
8 4
+—;D(N— 1)/|w§”F| d*p, (5)

where W)'F is the mean-field order parameter, with £ = L/N
being the expectation value of the angular momentum per
atom. In the case of harmonic confinement only the interaction
energy, i.e., the second term has to be minimized, since for

6 :

5| -

4 ¢ *
pd | -
3 3 -

2t - ]

—

1 | ———— g

0 ==

0.84 088 092 0.96 1

Q

FIG. 4. The function £(£2) (where £ = L/N is measured in units
of i and @ in units of w), for N =6 atoms and g=0.1 in a
purely harmonic potential, from the energy evaluated within the
diagonalization of the many-body Hamiltonian of Fig. 3. The first
critical frequency is equal to 0.85, in agreement with Eq. (7).

6
5 L ]
s /
z 4 J |
S 3
5| ~
-
1 | ——————— g
0 =
0.88 0.92 0.96 1
Q

FIG. 5. The function £(€2) (where £ = L/N is measured in units
of /i and 2 in units of w), for N = 6 atoms and g = 0.1 in a purely
harmonic potential, from the energy evaluated within the mean-field
approximation of Fig. 3. The first critical frequency is equal to 0.875,
in agreement with Eq. (8).

some fixed value of the angular momentum the first term is
equal to L.

A convenient way to do that is to expand the order param-
eter in the basis of the single-particle eigenstates ,,,

Mmax

\IJQ/IF = Zcmlﬂm (6)

m=0

and then perform the minimization under the two constraints
of particle normalization Y, ¢2 = 1 and fixed angular mo-
mentum Y, mc2 = L/N = ¢.

III. ENERGY AND ROTATIONAL RESPONSE

A. Harmonic trapping potential

Following the two approaches described above we plot in
Fig. 3 the result from the minimization of the energy for N =
6 and g = 0.1 evaluated within the mean-field approximation,
for 0 < ¢ < 5. What is actually plotted is the energy in the

(E - L)/N

L/N

FIG. 6. The (minimum) energy per particle in the rotating frame,
(E — LQ)/N (in units of hw), with Q = 1, evaluated within the
mean-field approximation (solid line) and within the diagonaliza-
tion of the many-body Hamiltonian (solid line with crosses), in an
anharmonic potential, with A = 0.1 and g = 0.1, N = 6 atoms and
0 < L <30, where L is measured in units of /. The difference
between the two curves is hardly visible.
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FIG. 7. The function £(€2) (where £ = L/N is measured in units
of /i and  in units of w), for N =6 atoms and g=0.1 in a
anharmonic potential, with A = 0.1 from the energy evaluated within
the diagonalization of the many-body Hamiltonian of Fig. 6. The first
critical frequency is ~1.059.

rotating frame (E — L2)/N, with Q2 = 1. (As mentioned also
above, this coincides with the interaction energy in a purely
harmonic potential).

In the same figure, we also plot the lowest-energy eigen-
value of the many-body Hamiltonian for N = 6 and 0 < L <
30. We see that the energy that is evaluated from the diago-
nalization is lower than that of the mean field, as expected.
The only exception is the case L = 1. This state has the same
energy as the ground state with L = 0 due to the center of
mass excitation.

While for small values of ¢ the deviation between the two
approaches is correspondingly small (i.e., of order N), as L
approaches 30 [i.e., L = N(N — 1)], the energy difference
increases, becoming of order N 2 We also observe that in the
range N(N —2) < L < N(N — 1) — 1 for these N — 1 values
of L the energies are degenerate and result from exciting the
center of mass motion of the state with L = N(N — 2). Similar
plateaus also form for smaller values of L.

Up to now we have minimized the energy of the sys-
tem E(¢) for some fixed angular momentum ¢. Another

6

5+t J»

4 -
% 3+t -— 1

2+ — g

1t — g

0 =e——

0.75 1 1.25 1.5

Q

FIG. 8. The function £(£2) (where £ = L/N is measured in units
of i and Q in units of w), for N =6 atoms and g=0.1 in a
anharmonic potential, with A = 0.1 from the energy evaluated within
the mean-field approximation of Fig. 6. The first critical frequency is
equal to 1.075, in agreement with Eq. (9).

FIG. 9. The density n(p) (solid line), in units of a; 2, where ay =
JVI/(Mw) is the oscillator length, and the pair-correlation function
g% (p, p’ = 0) (dashed line), in a purely harmonic potential, for the
lowest-energy eigenstate of the Hamiltonian, for N = 4 atoms, and
0 < L <3, for g =0.1. Also p is measured in units of ay.

interesting, and physically relevant calculation is the one
where the rotational frequency of the trapping potential
is fixed instead. Making the implicit assumption that the trap
has an infinitesimal asymmetry and that the cloud equilibrates
in the rotating frame, one has to minimize the energy in the
rotational frame, [E(£) — L2]/N, for some fixed value of <.
Following this procedure the function £(£2) may be derived.
Figure 4 shows £(€2) for the energy that is evaluated from
the diagonalization approach, while Fig. 5 from the mean-field
approach [37]. The first critical frequency €2, associated with
a single vortex state entering the cloud, evaluated within the
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FIG. 10. The density n(p) (solid line), in units of a; 2, and the
pair-correlation function g®(p, p’ = 0) (dashed line), in a purely
harmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N =4 atoms, and 4 < L <7, for g=0.1. Also p is
measured in units of ay.

diagonalization is given by
Q =1-1Ng (7
The same frequency, evaluated within the mean-field approx-
imation, is
Q=1-1N-1g ®)
For this reason €2; is 0.85 in Fig. 4, and 0.875 in Fig. 5. As we
observe, the value of 2; that results from the exact approach
[Eq. (7)] is smaller than the one from the mean-field [Eq. (8)],

where N is assumed to be sufficiently large and therefore N —
1~N.

————
- -

-

P

-

T, m =

0 0.5 1 1.5 2 25 3 3.5

FIG. 11. The density n(p) (solid line), in units of ay?, and the
pair-correlation function g®(p, p’ = 0) (dashed line), in a purely
harmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N = 4 atoms, and 8 < L < 11, for g =0.1. Also p is
measured in units of ay.

B. Anharmonic trapping potential

Turning to the case of anharmonic confinement, we present
the same results as Sec. Il A, for the same parameters and
with A = 0.1. Figure 6 shows the energy evaluated within the
two approaches, i.e., the diagonalization and the mean-field.
The difference between the two is hardly visible.

The function £(€2) that results from the energies of Fig. 6,
is shown in Figs. 7 and 8. One major difference between the
present, anharmonic confinement and the harmonic one is that
2 may exceed unity in this case. The critical frequency for the
formation of one vortex state is, evaluated within the mean-
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FIG. 12. The density n(p) (solid line), in units of a; 2, and the
pair-correlation function g®(p, o’ = 0) (dashed line), in a purely
harmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N = 4 atoms, and L = 12, i.e., the Laughlin state, for
g = 0.1. Also p is measured in units of ay.

field approximation
Q =1421—3(N-1Dg 9)

Indeed, the value of ; is 1.075 in Fig. 8, while € is
slightly smaller, ~1.059, in Fig. 7. As in the case of harmonic
confinement, the critical value of 2; in a system with a small
atom number is smaller than that for large N, however, here
the difference between the two values of the frequency is
much smaller. In addition, in the present case of anharmonic
confinement £(€2) consists of rather regular steps, as a result
of the quasiperiodic behavior of the dispersion relation.

IV. SINGLE-PARTICLE DENSITY DISTRIBUTION AND
THE PAIR-CORRELATION FUNCTION

We turn now to the single-particle density distribution
n(p), and the pair-correlation function g (5, p’). The single-
particle density is simply

n(p) = (®'(B)P(P)), (10)

where ®(p) is the operator that destroys a particle at p.
Because of the axial symmetry of the problem n(p) is also
axially symmetric, n(p) = n(p).

Also, the pair-correlation function is

Tra Yo7 = =2
2, 7)) = (P E,O)CD_’(P )(D(li)q’(p_))) ' an
(@T(BYP(BI(PT (P )P ()
In the calculations, which are shown in the plots, § and ,5/ are
assumed to point in the same direction.

For L = 0, where the many-body state is simply the uncor-
related, mean-field state |0V), g (5, p’) is a straight line and
equal to (N — 1)/N. Another easy case is the one with L = 1,
where the lowest-energy state is [0¥ !, L'). In this case

_IN=DIN=-2+(p— o))

(N=1+p)(N—1+p7)"
For large values of N and finite p and p’, g (B, p/) —
(N —2)/(N — 1). This behavior is very different than the
limit where we have the correlated (Laughlin) states. There,
¢®(p, p') has to vanish for p = p’ due to the correlations
between the atoms. As a result g (p, p’) remains spatially
dependent, even for large values of N.

g2p. 0 (12)

P

A1.5 T
c”> L=3
_Q_ Al —_‘____, |
< -
S -7
[} .-
o5 0.5 = 1
=
[

0 L L L L
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FIG. 13. The density n(p) (solid line) in units of a; 2, and the
pair-correlation function g®(p, p’ = 0) (dashed line), in a weakly
anharmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N =4 atoms, and 0 < L < 3, for g=0.1 and A =0.1.
Also p is measured in units of aj.

A. Harmonic potential

In Figs. 9-12 we have considered N = 4 atoms and we
have plotted the single-particle density distribution n(p), as
well as the pair-correlation function g (p, p’), with the ref-
erence point p’ located at zero. We observe that as the angular
momentum increases, n(p) becomes more extended because
the atoms expand radially due to their rotational motion.
Furthermore, n(p) also becomes more flat (the Laughlin state
is the last one, with L = 12).

In these figures we also observe that g (p, p’ = 0) devel-
ops a node at p = 0 only for L = 12 (i.e., for the Laughlin
state).
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FIG. 14. The density n(p) (solid line) in units of a 2, and the
pair-correlation function g®(p, p’ = 0) (dashed line), in a weakly
anharmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N =4 atoms, and 4 < L <7, for g=0.1 and A =0.1.
Also p is measured in units of aj.

B. Anharmonic potential

In Figs. 13-16 we have repeated the same calculation as in
Figs. 9-12, in an anharmonic potential, with A = 0.1.

While for L up to 4 both the density, as well as the
pair-correlation function are roughly the same, for L > 5 the
density starts to deviate in the two cases, of harmonic and
anharmonic confinement. The major difference in the density
is that while for the harmonic case it becomes more and more
uniform as L increases, in the anharmonic it is peaked around
some value of p. Especially for the value of L/N =2 (L = 8§)
and L/N = 12 (L = 12) the density is rather close to the one

0 0.5 1 1.5 2 2.5 3 3.5

P

FIG. 15. The density n(p) (solid line) in units of a; 2, and the
pair-correlation function g®(p, p’ = 0) (dashed line), in a weakly
anharmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N = 4 atoms, and 8 < L < 11, for g=0.1 and A = 0.1.
Also p is measured in units of ag.

expected for the giant-vortex states v, and 13, which have a
maximum density at p = +/2 and /3, respectively.

Furthermore, for L > 6 also the pair-correlation function
behaves in a different way in the two cases. What is even more
important is that in the case of anharmonic confinement, it
never develops a node, even for L = 12. This result is due
to the fact that in the presence of the anharmonic potential
the Laughlin state is highly fragile towards an uncorrelated,
mean-field, giant-vortex state and as a result the mean-field
approximation is still valid [36].
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FIG. 16. The density n(p) (solid line) in units of a 2, and the
pair-correlation function g®(p, p’ = 0) (dashed line), in a weakly
anharmonic potential, for the lowest-energy eigenstate of the Hamil-
tonian, for N = 4 atoms, and L = 12, for g = 0.1 and A = 0.1. Also
p is measured in units of a.

V. OVERLAPS AND SINGLE-PARTICLE DENSITY MATRIX

Another calculation that demonstrates the transition from
the mean-field regime to the correlated regime involves an
overlap. More specifically we considered N = 5 atoms, with
g =0.1 and evaluated the lowest-energy many-body eigen-
state |W) for 0 < L <20, in a purely harmonic potential
and the corresponding many-body state |W).,, in a weakly
anharmonic potential, with A = 0.1.

The overlap [(W|W,nn)| is shown in Fig. 17, as function
of the angular momentum L. One sees that there is a general
tendency of this overlap to decrease with increasing L. This
is a direct consequence of the transition of the system from
the mean-field regime to the correlated regime. While in the
mean-field regime the many-body state is less sensitive to
the anharmonicity, as L increases, the anharmonic part of the
potential affects more and more the many-body state.

Another interesting observation is that the overlap has local
maxima for values of L, which are integer multiples of NV, i.e.,
for L =0, 5, 10, 15, and 20. This is due to the fact that |V ;)
is closer to the mean-field giant-vortex states for these values
of L.

In Fig. 18 we plot the overlap |(V|W,nh)| for four different
values of A = 0.001, 0.01, 0.1, and 1. We have chosen N =
5, (N — 1)g = 0.4 and the two values of L = 10 and L = 20.
In the case of a purely harmonic potential the value L = 10

N=5,g=0.1,\=0.1

0.5

(wlw, )l

FIG. 17. The overlap between the lowest-energy eigenstate
W) of the Hamiltonian in a weakly anharmonic potential, with
A =0.1, and the lowest-energy eigenstate in a purely harmonic
potential |W), for N =5 atoms, 0 < L < 20, and g =0.1. Here L
is measured in units of /.

wlw, )l

0 ‘ ‘
10’8 1072 107! 10°
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FIG. 18. The overlap between the lowest-energy eigenstate
|W,) of the Hamiltonian in a weakly anharmonic potential, for
A =0.001,0.01, 0.1, and 1, and the lowest-energy eigenstate in a
purely harmonic potential | W), for two values of L = 10 (higher) and
L =20 (lower), for N = 5 atoms, and g = 0.1. Here L is measured
in units of /.

corresponds to the double vortex, which is well described
by the mean-field approximation, while the value L = 20
corresponds to the Laughlin state. We observe that the overlap
decreases with increasing A. We also see that the decrease is
more rapid for the higher value of L. This is due to the fact
that the Laughlin states are more fragile than the mean-field
states.

As a final result we show in Figs. 19 and 20 the eigenvalues
of the single-particle density matrix that correspond to the
lowest-energy eigenstates of the many-body Hamiltonian for
three values of the angular momentum. The eigenvalues of
the single-particle density matrix coincide with the occupan-
cies of the single-particle states, since the density matrix is
diagonal (due to the axial symmetry of the problem).

In Fig. 19 we have considered N = 6 atoms in a purely
harmonic potential, with g = 0.1. For L =15, i.e., L/N =
2.5, according to the mean-field approximation the state has
a threefold symmetry, where only the single-particle states
with m =0, 3,6, ... are macroscopically occupied. Indeed,
the states with m =0 and m =3 do have the maximum
occupancy. The m = 6 state has an occupancy, which is
comparable with that of states with other values of m. The
occupancy of these states is due to finite-N corrections.

According to the mean-field approximation the pattern
mentioned above (i.e., with the lowest-energy state having
some discrete rotational symmetry) continues all the way up

3
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Index of the eigenvalues

FIG. 19. The eigenvalues of the single-particle density matrix in
a purely harmonic potential, for N = 6 atoms, g = 0.1, and L = 15
(dotted line), 29 (dashed line), and 30 (solid line).
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FIG. 20. The eigenvalues of the single-particle density matrix in
an anharmonic potential with A = 0.1, for N = 6 atoms, g = 0.1, and
L = 15 (dotted line), 29 (dashed line), and 30 (solid line).

to L = N(N — 1). Still, in the present case, where for L = 30
the system is in the Laughlin state, this is not the case. For
example, for L = 30 the occupancy of all the states with
0 < m < 10 is roughly the same. For L = 29 a precursor of
this effect is also seen. This effect is a direct consequence
of the transition of the system from the mean-field to the
correlated regime.

Finally, Fig. 20 shows the same result in an anharmonic
potential, with A = 0.1. In this case the situation changes
drastically, where the same behavior is seen for all the three
values of L that we have considered. Due to the anharmonic
potential (even if it is weak), there is one single-particle state
Ym, With a large occupancy, while at least y,,,+; also has a
non-negligible occupancy. Again, we see that the effect of the
anharmonic potential is rather drastic, irrespective of the value
of L.

VI. SUMMARY AND CONCLUSIONS

In the present study we have investigated numerically
the rotational properties of a Bose-Einstein condensate that
is confined either in a harmonic, or in a weakly anhar-
monic trapping potential. In the case of harmonic con-
finement, the system makes a transition from the mean-
field regime to a correlated regime, where the many-
body state develops correlations that go beyond the sim-
ple product state that one assumes within the mean-field
approximation.

Having considered a small atom number, and diagonalizing
the Hamiltonian, we have evaluated the many-body state,
which undergoes the transition mentioned above. One may

identify numerous effects due to this transition, in connec-
tion also with the small atom number we have considered.
(Clearly, for small values of N the difference between N and
N? is not very significant and certainly not as significant as
macroscopically large values of N).

First, the correlations introduce corrections in the energy of
the gas, which are of subleading order in N for slow rotation,
while they affect the energy to leading order in N in the
limit of fast rotation. Second, the angular momentum £(€2) of
the gas for a fixed rotational frequency has a structure that
is different than the corresponding limit of large N. Third,
the single-particle density distribution becomes flat, while
the pair-correlation function develops a node as soon as the
system reaches the Laughlin state. The last effect is the almost
equal occupancy of the single-particle states, or equivalently
of the eigenvalues of the single-particle density matrix.

Introducing (even) a weak anharmonic potential, we ob-
serve a drastic change in the system. First of all, the energy
is well described by the mean-field approximation, for any
value of the angular momentum of the gas and/or angular
velocity of the trap. As a result, £(2) develops a rather
regular structure, while the single-particle density distribution
is also correspondingly simple, as well as the occupancy of
the single-particle states. Correlations play a minor role in
this case and the Laughlin state is no longer the lowest-energy
state of the system in the limit of rapid rotation (it is a giant-
vortex state instead). Finally, the pair-correlation function no
longer has a node, since the many-body state does not have
the correlations of the Laughlin state in this case.

The derived results for small atom numbers are important
for numerous reasons. First of all, there is a general tendency
of the field of cold atoms to move towards this limit experi-
mentally. We stress that a major advantage of a system with
a small atom number is that one easily reaches the limit of
rapid rotation, where the many-body state is described by the
bosonic Laughlin state.

In addition, since even a weak anharmonic term in the
trapping potential (which is essentially unavoidable in any
real experiment) destabilizes the correlated states, the only
way for the correlated states to survive is to work with a
small atom number [36]. As we have seen, the anharmonic-
ity parameter affects the rotational properties of the system
drastically. Thus, it would be equally interesting to realize the
correlated states experimentally, and also to investigate and/or
confirm the effect of the anharmonic confining potential on
the rotational response of this system as the anharmonicity
parameter is tuned.
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