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Abstract

Investigation of dynamical features of Earthquake records is one of the important scientific and practical
research challenges. In the addition there is a growing interest concerning an approach to study Earth Physics based on
the science of complexity, focusing on the application of non extensive statistical mechanics, which is a generalization of
Boltzmann-Gibbs statistical physics.
This seems to be a promising framework for studying complex systems as that of seismicity exhibiting
phenomena such as, long-range interactions, and memory effects. In this work we use the framework of non-extensive
statistical mechanics to explore the nature of seismic coda waves.
A system that follows Boltzmann-Gibbs statistical mechanics has to follow the well known Gaussian form. In the
same manner a system that follows non-extensive statistical mechanics has to follow the q-Gaussian distribution. The
main feature of q-Gaussian distribution is the parameter "q" which is often called the non additivity index.
In the present work we analyzed the fluctuations of seismic coda waves that follow the primary waves on an
earthquake record. Following the non extensive statistical physics approach, the probability distribution functions of the
increments of seismic coda are investigated.
We defined the function 𝑋(𝑡) = 𝑆(𝑡 + 1) − 𝑆(𝑡), whereas 𝑆(𝑡) is the measured horizontal ground motion.
We proceed by analyzing the normalized increments 𝑋(𝑡) constructing the probability density function (𝑃𝐷𝐹)𝑝(𝑥),
normalized "𝑥" to zero mean and unit variance, thus 𝑥 =

𝑥−〈𝑥〉
𝜎𝑥

which express that the 𝑃𝐷𝐹’𝑠 associated with the

normalized increments.
We also analyzed the frequency dependence of q, estimating the q value of the coda wave obtained
after filtering the original coda waves applying spectrum of the seismic coda waves applying 2 & 4𝐻𝑧 windows and
moving the central frequency in the frequency range of 2 − 16𝐻𝑍.

Introduction

“ Τά πάντα ῥεῖ “
…Said Heraclitus, which means that “Everything is in a constant movement”. This Saying has proven to
be true in all the scales composing the Cosmos, from the quantum microscale of uncertainty leading to quantum
boiling to the planetary scale leading to the expanding universe. In the latter scale, and more specifically down to
earth, this movement causes phenomena dangerous and deadly. The Composition and structure of the earth
itself as we know it so far, forces the accumulation of stresses whose release causes earthquakes to occur.
Earthquake occurrence is an unavoidable phenomenon. The vast amounts of variables that compose
their dynamics as well as their complexity make their secrets well hidden by scientists until now. In fact,
earthquakes are omnipresent and little has been done until now for their prediction but a lot of existing research
as well as the contribution of this work, place a promising framework for their utilization.
By taking advantage of the omnipresence of earthquakes and their produced signals, we will try to utilize
the information they can give us about the earth’s structure by using concepts of non-extensive statistical
mechanics. More specifically, we will try to treat statistically the latter part of the seismogram that comes after the
Primary and Secondary (P-WAVES and S-WAVES) which is called “Coda part of the seismogram or “Codawaves”.

[1]

1. Coda waves. Nature & Characteristics

Initially taken by the Latin word “Cauda”
which Means the extreme part/tail of anything,
a variant Of the word was taken to name
the tail of the surface Waves,
following the maximum displacement.

1.1. A FIRST INTERPRETATION

Since the first recording of Earthquakes, it was observed that the duration of the earthquake signal is
much longer than the travel time of the ballistic waves [1]. Or similarly for local earthquakes, whose source
durations are lower than 0.1 𝑠𝑒𝑐, the seismic energy is commonly recorded for hundreds of seconds after the
direct S-wave.
In reality, in an earthquake waveform we observe the "P" and "𝑆" waves followed by a decaying wave
part (𝐹𝑖𝑔. 1). The decaying part of the seismogram that extends later than the S-waves is called the Coda-wave
or Coda-tail.
The term “decaying part” refers to the attenuation which indicates loss of energy in the seismic wave with
travel distance and can be caused by conversion of elastic energy into heat (intrinsic attenuation) or by scattering
from heterogeneities in the lithosphere [2,19]. The mechanism by which scattering constructs coda waves and
contributes to their attenuation is still not completely understood due to its vast complexity.
The most prevalent reasoning about coda waves is that they are caused due to backscattering by
heterogeneities distributed in the large region outside the zone of the direct wave path from the source to the
station [2] but they are not regular plane waves coming directly from the epicenter. Small aperture arrays show
that coda waves are coming by various ranrdom directions [3].

Figure 1: An actual seismic recording with the exponential tail or Coda-wave indicated.
More specifically, studying the existing literature we will try to dig deeper and understand more
extensively about the nature of coda waves

1.2. NATURE OF CODA WAVES

Why can’t coda waves just be waves with lower propagation speed? Such waves have been observed for
oceanic paths and in land paths including water covered areas [32, 33].
If the coda waves observed in the close proximity stations were to travel at lower speeds that equals to
speeds of ~50 𝑚⁄𝑠𝑒𝑐 which is significantly low. Furthermore, in order for the same phenomenon to be true for
further stations, we should assign velocities an order of magnitude higher, but these stations show similar spectral
content.
Thus we assume that the nature of the waves that compose the coda does not differ from close-proximity
to distant stations. This Fact holds in fact true for a wide spectrum of frequencies from 1 − 40𝐻𝑧 [4].
Those difficulties disappear if we regard coda as backscattering waves coming from scatterers distributed
over a large area surrounding the stations and epicenters. In order to have scattering though, we accept the fact
that earth is inhomogeneous.

1.2.1. Inhomogeneous earth?

How do you deal with chaos?
You break it down in small pieces….non-chaotic
But in the end, it’s still chaos…
Authors have realized that homogeneous earth properties are not sufficient to explain phenomena like
Coda wave attenuation. That is the reason they try to insert elements in their models that make earth deviate from
the ideal homogeneous case [7].
Examples like “homogeneous distribution of scattering mean free path” and “intrinsic absorption” [13] or
“Stochastic random inhomogeneity” [14] have been widely implemented for studying the heterogeneities of the
earth.
The complexity of the problem is even higher if we take into account the fact that the representation of
small-scale variation of Earth’s structure may be varied not only by the physical but also by the chemical
environment as well. We are beginning to getting a grasp of the amount of complexity that is hidden within the
Earth’s crust

1.2.2. Seismic coda origins

Seismic coda can be produced by various sources according to the bibliography. One case is by scattering
body waves by heterogeneities distributed through the lithosphere [2] or Surface waves scattered by lateral
heterogeneities [7,8]. This is the most studied case and believed to be the most dominant.
Another assumption is from repercussions in horizontally layered structure under the receiver, also known as
site response [11]. Or repercussions in layered structures between the source and the receiver [6, 11, 15]. Finally,
other theories propose that Coda waves are produced by conversion of body waves into surface waves induced
by topography at the free surface or at buried inter-phases at depth [9].
The main mechanism that we will deal in this work as mentioned is the first case. This mechanism proposes
that primary waves spread radially outwards of the seismic source. Their nature depends on the local geology and
the earth’s structure along the wave path from source to station. Coda waves on the other hand, travel in the
same manner but get scattered due to inhomogeneities in that waveguide and thus moving throughout multiple
random directions [17].
The scale length of earth’s inhomogeneous structure is coarser than the wavelengths of the seismic waves
[13] and is of at least 10 − 8: 0.001 𝑡𝑜 10,000 𝐾𝑚 [10]. The inhomogeneity of earth’s interior is known by
studies using well-logs, short period seismograms and free oscillation data [11].

Those inhomogeneities affect the amplitude of the signal depending on their size. Their effect differ with their
size [12]. Inhomogeneities Greater than the wavelength of the wavefront perturb 𝑃, 𝑆 −wave travel times, where
Inhomogeneities in the same sizes distort seismic wavefronts. Finally, if the size of the scatterers is smaller than
the wavelength of the wavefront such as distributed cracks and velocity boundaries/gradients, they act as
scatterers to the wave front. Due to those relations, the characteristics of earth’s inhomogeneity define the
characteristics of coda waves that travel through them. Those characteristics channel their complex nature to
Coda waves.
There is a vast difference between the composition of early coda and the late coda. This happens
because the longer the waves travel, the more heterogeneities they encounter and thus their complexity
increases. Thus, the later portions of the seismogram may be considered as a result of some kind of averaging
over many samples of heterogeneities [2].
We conclude then, that the measured displacements of coda waves result from the superposition of many
partial waves which have propagated along different paths between the source and the receiver containing the
complexity of the travel media. Each path consists of a sequence of scattering events.

1.2.3. Spectral content

In the bibliography, coda waves seem to cover a wide range from 1 to 50 𝐻𝑧 [18]. More extensively, they
appear to have different characteristics and content in various frequency bands. This makes sense if we think that
the earth’s scatterers are not the same size and differ from path to path, transferring those differing characteristics
to the Coda wave that passes through them.
Frequency < 1𝐻𝑧
For frequencies < 1 𝐻𝑧, the progress the last years is slow because of the difficulty to isolate the
attenuation effect on amplitudes from various other effects due to complex heterogeneity of the earth medium
[18]. In other words, not only scattering takes place in this bandwidth but several other phenomena in
different proportions, rendering the isolation of each process impossible for the time being.
Furthermore, in this spectral Bandwidth, the Coda waves are masked by the arrival of ballistic waves
[1], adding more complexity to our problem. To solve this problem though, several authors didn’t consider
the coda wave to initiate at the point mentioned earlier (𝑡𝑐𝑜𝑑𝑎 = 2𝑡𝑠 ) but after 10 seconds after the arrival of
the S waves (𝑡𝑠 + 10𝑠𝑒𝑐) until 50 seconds after (𝑡𝑠 + 50𝑠𝑒𝑐). In this way they initiated the coda wave
further along the waveform and got rid of a big part of the “Masking” caused by the ballistic waves [11, 13].
.
Frequency > 1𝐻𝑧

At Higher frequencies, as mentioned above, coda waves present a dependence on the wave path
[2]. More extensively, in a research the authors found that in frequencies from 1.5 − 3 𝐻𝑧 from quarry blast
signals obtained by in the early part of the record are strongly affected by surface waves and this
characteristic disappears for the later part of the seismogram [20]. They used this characteristic as a way of
discriminating of blasts and earthquakes.
At frequencies > 10 𝐻𝑧, the attenuation value was found to be high and a possible explanation
was that the signal was not composed from backscattered surface waves but by backscattered body waves
generated from inhomogeneities in the lithosphere [3]. This was supported by some works [𝑒. 𝑔. 2] and
contradicted by another work [22] where the authors studied Lunar coda waves and supported that in
terrestrial codas the band where the scattering mechanism is prevalent is 1 − 25𝐻𝑧.
We begin to see in this spectral range that the Scattering begins to be the primary source of Seismic
coda wave production. Indeed, in the frequency band of 25 − 35 𝐻𝑧 another study suggested that the Coda
waves would be less contaminated by surface energy [30]. This is the reason we also selected the
frequency band of 2 − 16𝐻𝑧 to conduct this work. Apart from indications from the bibliography to support
this choice, this band had the highest signal energy as shown in its power spectrum density.
Generally, a dependence of the coda-wave attenuation with frequency is proven [24] and it is a fact
attributed to earth’s inhomogeneity due to the large magnitude scale of earth’s scatterers as mentioned
earlier. The same frequency dependence was found and studied by other authors [25, 26, 27] where an
attenuation model with a frequency dependant law was proposed. More extensively, the attenuation was
dependant on the frequency following a Power law form.
In another study with the same concept, the author divided the coda signal into particular frequency
bands and found that the shape and type of curves is controlled by the scattering and attenuation volume
sampled by the coda waves [44].

1.2.4. Effect of source dimensions and seismic momment
In a research conducted [4] it was shown that if the source dimensions increase, the characteristic length
of the waveform generated is bigger and thus the peak of the spectrum (Maximum generated frequency) shifts to
lower frequencies [4]. While the form of the spectrum and thus the coda waveforms consistency, was
independent of the seismic moment.
Also, in the same work, they indicated that that for larger events, the peak of the spectrum shifts to lower
frequencies. The reason was that with increasing source dimensions, the seismic moment increases as well, and
thus the same rule is applied.

This was proven afterwards by another study [31] where the authors found that the peak of attenuation
is at peak for wavelength at 2 times the crack surface size. This phenomenon was attributed to resonant
oscillation on the crack surface.
The important part here for us to keep, is that the consistency of the coda waves for the frequency
bandwith we selected (2 − 16𝐻𝑧) depends only to the wave path and not the earthquake magnitude that
generated the primary and secondary waves that got scattered into coda waves. In any case though, the events
we selected had a large magnitude 𝑀𝑙 > 5.3 In order to have a good quality and long signal.

1.2.5. Effect of source depth

If the depth affected somehow the generated coda wave, the only way this could hold true is that
perturbations due to inhomogeneity of the part between the source and the receiver change with depth.
A study on this relation was conducted where the authors focused mainly on the measured impulse
response at the surface before and after a slight perturbation of the velocity within a thin layer at depth. They
concluded that the sensitivity depends mainly on (a) the level of heterogeneity of the model, (b) the lapse time, (c)
the source receiver distance and the depth of the change [28].
Also another study found that attenuation decreases with depth [24], this indicated that the deeper part of
the earth’s crust is comparatively homogeneous to the upper part
So those studies by solving the opposite problem, verified again that coda waves exist because of the
fact that earth is heterogeneous.

1.3.

Initiation and end
As all the physical events,
They last only for so long.
As long as a particular
Property exists.
According to the bibliography [59], if 𝑡𝑠𝑝 is the time window between the arrival of primary (𝑃) and

secondary (𝑆) waves and 𝑡𝑝 , 𝑡𝑠 is the time arrival of (𝑃) and (𝑆) waves respectively, the temporal decay of
coda wave energy initiates for travel time > 2𝑡𝑠𝑝 .

This means that the Coda waves initiate at 𝑡𝑐𝑜𝑑𝑎 = 2𝑡𝑠𝑝 = 0 𝑠𝑒𝑐 and they finish when the signal to
noise ratio falls in the range of

𝑆𝑖𝑔𝑛𝑎𝑙
𝑁𝑜𝑖𝑠𝑒

= 1 − 3 as shown in 𝐹𝑖𝑔. 2. It must be noted is that noise is the

background recording before the arrival of the seismic event 𝑡 < 𝑡𝑝 assuming that there is no pre-seismic event
in the recording.
The above numbers are verified by a study that showed that for travel time > 2𝑡𝑠𝑝 the vertical to
horizontal kinetic energy ratios are stabilized in the coda part of the earthquake [5], which is a characteristic of
coda waves as we saw earlier.

Figure 2: The coda wave initiates at 𝒕𝒄𝒐𝒅𝒂 = 𝟐𝒕𝒔 where 𝒕𝒔 is the time between the arrival of the P and Swaves and stops where the signal to noise ratio is close 1

1.4.

Coda wave theories

Although a straightforward deterministic interpretation is difficult because of the extreme sensitivity of
those waves to the complex inhomogeneities they encounter, a lot of work is ongoing. The theories are constantly
changing to model as efficiently as possible the real complexity of earth’s subsurface.
Untill now, the main mechanisms concerning the Coda wave propagation and interaction with the medium
for the time being are the scattering, diffusion and absorption.

1.4.1. Coda wave generation as a scattering process
In order to have scattering you need to have scatterers and there are two main models according to the
nature of their distribution within the medium. The wave medium may be homogeneous or heterogeneous.
The first is the backscattering wave theory where the coda is formed by the superposition of singlescattered wavelets caused by homogeneously distributed inhomogeneities [2, 29]. Because of the nature of
scattering in this case, which is a weak process, loss of seismic energy can be neglected which is very helpful in
the complexity of the model. The scattering process and the energy loss induced by it, control the shape of the
seismic envelope and the spatial distribution of the energy [13].
If in the other hand, the medium is considered inhomogeneous, then we may model this problem as a
space with average characteristics (Velocity, density or Lame parameters) where deviations from those mean
values produce random heterogeneities. This type of problem is extremely complicated and the scattering field is
treated as a continuous medium where inhomogeneous wave equations have to be solved. Also the energy loss
in this case is bigger and it cannot be assumed negligible.
Both models though, despite having different formulation, lead to similar formulas. Also In any given
system, not only one of the models is applied each time, a combination is considered in most of the cases. A
study conducted about the energy distribution inside the coda waves [13] showed that within three 15-second
windows, the energy [𝑙𝑜𝑔(𝑥 2 )] of the seismic envelope was concentrated in the first window for weak scattering
which represents the first model and in the two other widows for stronger scattering which represents the second
model.
There are also 2 different types of scattering according to the amount of scattering the wave subdues to.
Single and multiple scattering.

Single scattering
In the beginning, Geophysicists modeled coda wave production via the simplistic single-scattering
assumption where the scatterers were -uniformly distributed and point-like. Each coda wavelet was a singlescattered ballistic wave. The supporters of this theory supposed an inverse square law for the geometrical
spreading of seismic energy in a 3-dimentional space and thus, obtained the S-coda power decay dependence on
the lapse time [2].
Following this model, several investigations have been conducted in order to test if this model explains
adequately the coda-wave characteristics. In one study, space-time dependence of the energy density of
scattered waves in a 3-D space was modeled and that explained adequately how scattered energy becomes
homogeneously distributed as lapse time increases, which is an actual coda wave characteristic as we saw earlier
[34, 35, 36]. Later, another study managed to synthesize 3-component seismogram envelopes using the Born
approximation in inhomogeneous random structure following the same manner and the results were quite realistic
[14] (The Born approximation has the advantage of the independence of the effect of shape of the scatterer in a
scattering problem).
One major problem with single-scattering problem though, is that it violates the energy conservation due to
oversimplification of the problem (caused by the born approximation). This model assumes that earthquake
source and the seismic station are located at the same point in an unbounded homogeneous and isotropic
medium containing a uniform spatial distribution of inhomogeneities. Attempts to make the model more realistic
were tried by considering a finite distance between the source and the receiver [37].
Multiple scattering
Following the same manner, multiple scattering was recognized as a possible model [2]. At a theoretical level
and at long lapse times, the coda amplitude decay was studied based on the assumption of a multiple scattering
process [38]. Another theoretical study about the multiple scattering process was conducted [39,40] and a
respective numerical simulation via Monte-Carlo was later adopted [41].
After all the modeling, the fact that coda waves compose of multiply scattered waves was verified as it was
found from slowness analysis that each of the numerous partial waves follows a different path and not a linear
one from the source. Also the Gaussian nature of coda phases was unveiled by phase analysis in the same study
[1]. Multiple scattering assumes secondary scattering (or higher order) to occur and the seismic energy transfer to
be a diffusion process.
However, these derivations about multiple scattering processes are based again on the inverse square law
for geometrical spreading and the total energy is not again conserved. This issue was partially solved in a study
where the author simulated numerically the space-time distribution of energy density by using again the MonteCarlo simulation and he also adopted the energy conservation law, showing the partition of scattered energy into
different order-scattering as a function of lapse time [42].

Later other models more specific and realistic models were investigated to simulate the inhomogeneity
characteristics of certain regions. For example a hybrid model was proposed where a large impedance contrast
plane was embedded in the scattering medium to interpret the reflected S-wave phase [43].

1.4.2. Coda wave generation as a diffusion process
The second proposed process of seismic coda generation is the seismic energy transfer as a diffusion
process which was proposed and studied by several other authors [2, 22, 23 ] but not in the same extent as the
scattering process.
But when does the diffusion process is more dominant? This question was answered in a study about
lunar codas. The authors concluded that If x ∗ is the attenuation distance, which is the average distance seismic
energy travels before attenuation takes place and mean free path L which is the distance before scattering takes
place, a discussion of the diffusion scattering model, indicates that, if
appropriate. On the other hand, if

x∗
L

x∗
L

≫ 1 then diffusion scattering is more

≪ 1 then single scattering is the appropriate model [22]. So the answer in

short, is that it depends on the distance from the source.

1.4.3. Coda wave generation as an absorption process
The kinetic energy of the earthquake turns into mechanical energy by moving energy particles from their
positions. But because the earth deviates from the ideal harmonic oscillator model, due to friction, some of the
energy is absorbed by the molecules and is transformed into heat.
More extensively, propagation of short-period S-waves through the crust is strongly controlled by intrinsic
absorption which is also responsible for the exponential decay as a function of time [13]. It constitutes though a
small degree of the mechanisms that take place to generate coda waves.

1.5.

Use of coda waves

1.5.1. Information about the medium

It is of great importance to determine the type of the medium considering the signature found in seismic
responses. This scenario is rendered viable with the use of coda waves. They are unaffected by earthquake
magnitude and distance and thus they contain pure data about scattering effects, without being corrupted by
absorption [11, 30]. Also the coda waves are not affected by source radiation patterns because the scattering
process averages the radiation over the focal sphere.
Due to those characteristics, a lot of work has been conducted to correlate the relationship of coda waves
with the earth’s inhomogeneities (scatterers). This is also the largest portion of their application and use.
The dependence of coda waves to local crust composition motivated some authors to use a statistical
treatment with a small number of parameters, which is proved to be a good way to characterize the average
properties of the heterogeneous medium [2]. There have already been also several trials to characterize media in
terms of stochastic heterogeneities using amplitude and phase fluctuations [47]. However, there is a strong
dependency of those fluctuations to the propagation path and thus the measured results display a different
pattern following the appearance of the media.
A typical application performed by many authors, is the study of the strength of coda wave attenuation in
several places around the globe. In this way they attempted to correlate the attenuation with the characteristics of
the medium through which the seismic wave propagates [24]. Another example is a study where the authors
analyzed the patterns of phase and amplitude variations of seismic waves across a seismometer array on a
statistical basis. In their attempt they tried to determine the statistical distribution of the heterogeneities under the
array [46].
In the same context and local scale, several authors have indicated that the local site characteristics may be
a major source of great scatter and possible bias in attenuation measurements [18]. Since the site effect may vary
greatly with the path connecting the source and the receiver, the authors used single station method and using
deep earthquake sources to minimize the number of site effects and biases. It must be noted that [18] didn’t find
any change of Coda attenuation with depth for the same station in the ground and in a 100m borehole.

1.5.2. Information about the earthquake source

The difference of Coda amplitudes among the stations for a particular earthquake is found to be caused
solely by site factors. This makes sense as coda excitation is dependent on local geology and thus ambient site
factors.
Some studies have used the characteristic mentioned above and devised a methods to extract info about
earthquake source from the coda of small local earthquakes. They were based on the assumption that power
spectrum of coda waves of local earthquakes is only a function of time measured from the earthquake origin time
and also independent of the distance and the details of the wave path to the station in terms of signal

homogeneity. The latter means that the coda energy is homogeneously distributed though the spectrum due to
the averaging it is subdued to from encountering scatterers. (for distances less than 100 km) [7,45].

1.5.3. Information about tectonic activity

The applications of coda waves have been extended to the point of monitoring tectonic activity too.
Continuous monitoring of the coda tails in a station may detect stretching of the seismic signal. As we mentioned
before, the attenuation is characteristic for each station (site effect).
Stretching of the coda tail bodes changes in the media texture under the station or in other words, small
velocity changes. This correlates with tectonic activity in the region and stress accumulation [5, 27] that causes
the pressure and thus density of the material to deviate from its usual values. In the same context there have
been studies reporting that temporal change of the coda-wave decay before or after major earthquake events are
directly correlated [48,49]
Another author studied the scattering of elastic shear waves by a zonal distribution of cracks which is a
realistic case a fault fracture zone. The study resulted in how the geometrical characteristics of the crack
distribution and frictional characteristics of the crack surface may affect the attenuation and dispersion of incident
waves and the amplitudes of the transmitted and reflected waves from the zone [45]. This could be a possible
way of monitoring temporal changes in the fault-crack distribution via the scattered way that propagate through
them.
Concluding, Coda wave analysis is proven be very powerful tool for the investigation of source spectrum and
site effects as well as the evaluation of the tectonic activity and crustal inhomogeneity.

2. Statistical treatment and Principles of Non Extensive Statistical
Physics (N.E.S.P.)

The statistical treatment of P and S waves of a given seismogram is not easy as their properties are
determined by the particular nature of the path between the seismic source and the receiver.
The coda-part of the earthquake though, is composed of numerous backscattering wavelets caused by
the earth’s complex lateral heterogeneity [7] as mentioned earlier. If those numerous heterogeneous parts of the
earth’s crust generate secondary waves, the total of the backscattering waves composing the coda wave will be a
superposition of these secondary waves and may be considered as a sum of many independent small events.
Thus, due to this averaging an entirely statistical treatment can be applied.

2.1.

The unveiling of Earth’s complex structure-Fractality

The greatest part of the earth’s crust inhomogeneity is too complex to be handled by deterministic
methods. A more realistic scenario is that of random scattering whose effects can be considered as a statistical
average [50]. This statistical way of thinking led authors to develop new inversion methods of coda waveforms
from local earthquakes, in order to estimate the inhomogeneous spatial distribution of scattering intensities in the
crust and uppermost matle [51].
There were created statistical models that tried to simulate seismic wave characteristics. In one of those
cases the authors simulated envelopes of scalar waves. The simulation involved Monte-Carlo simulation of the
wave-energy transfer [52]. The study was tested for 3 different radiation pattern autocorrelation functions of
inhomogeneities: Gaussian, Power law and a Mix of the above and they tried to find which model could
quantitatively reproduce the 2 most characteristic features of the Real S-wave envelopes of close-proximity

earthquakes. The first is the broadening of the primary wave group and the second is the Coda-part of the
waveform.
The outcome was that the fractal case reproduced qualitatively in the best manner the observed wideband behavior. It was thus considered then the best reasonable representation to describe the gross properties of
the earth medium.

2.2.

Principles of N.E.S.P.

2.2.1. The non-Additive Entropy

The theory we stepped on in order to conduct this work is based on the concept of entropy. The
formalism of non-extensive statistical mechanics can be regarded as an embedding of ordinary statistical
mechanics into a more general framework. The well known and widely applied Boltzmann-Gibbs entropy 𝑆𝐵𝐺 is
generalized into the Tsallis entropy 𝑆𝑞 introduced by Tsallis [53] and is given by:
𝑞
∑𝑊
𝑖=1 𝑝𝑖
𝑆𝑞 = 𝑘𝐵
𝑞−1

Where 𝑘𝐵 is the Boltzmann’s constant, 𝑝𝑖 is a set of probabilities, W is the total number of microscopic
configurations and 𝑞 is the entropic index for 𝑞 = 1 the Tsallis entropy reproduces the Boltzmann-Gibbs entropy:
𝑞=1

𝑆𝑞 → 𝑆𝐵𝐺
As Tsallis proposed, we could empirically deduce 𝑆𝑞 by simple physical principles and multifractal ideas
concept. The entropic index "q" inroduces a bias in the probabilities. Given the fact that 0 < 𝑝𝑖 < 1, we have
that
𝑞

𝑝𝑖 > 𝑝𝑖 𝑖𝑓 𝑞 < 1
𝑞

𝑝𝑖 < 𝑝𝑖 𝑖𝑓 𝑞 > 1
Therefore, 𝑞 < 1 enhances the rare events with 𝑝𝑖 → 0, whereas 𝑞 > 1 enhances the more frequent
𝑞

events with 𝑝𝑖 → 1. Following the same context, it is natural to introduce an entropic index based on 𝑝𝑖 . The
entropic form must be invariant under permutation and the simplest expression that is consistent with this, has the
form

𝑊
𝑞

𝑆𝑞 = 𝐹 (∑ 𝑝𝑖 )

(1)

𝑖=1

Where 𝐹 (𝑥 ) is a continuous function. The simplest form of 𝐹(𝑥 ) is a linear one, leading to
𝑊
𝑞

𝑆𝑞 = 𝐶1 + 𝐶2 ∑ 𝑝𝑖

(2)

𝑖=1

As any entropy, 𝑆𝑞 must be a measure of disorder leading to 𝐶1 + 𝐶2 = 0, and thus, from Equations (2), (3)
we lead to
𝑊
𝑞

𝑆𝑞 = 𝐶1 (1 − ∑ 𝑝𝑖 )
𝑖=1

In the limit 𝑞 → 1, the entropic form 𝑆𝑞 approaches the Boltzmann-Gibbs expression and the simplest way for
this to happen is when

𝐶1 =

𝑘𝐵
𝑞−1

The index "𝑞" is the degree of non-additivity that accounts for the case of many non-independent, long
interacting subsystems, and memory effects [53, 59, 60]. In the majority of the studied systems, the nonadditivity index, "q", seems to reflect some multi-Fractality to the system.
The main difference of 𝑆𝐵𝐺 and 𝑆𝑞 entropy functionals, is that they are said to be Additive and Not
additive respectively. Additive entropy functional means that for two probabilistically independent subsystems
constituting a main system 𝐴, 𝐵, the entropy of the whole system equals with the sum of the entropies, which is
the case for 𝑞 = 1. Non additive entropy functional violates this property.
𝐴𝑑𝑑𝑖𝑡𝑖𝑣𝑒

𝑁𝑜𝑛 𝐴𝑑𝑑𝑖𝑡𝑖𝑣𝑒

𝑆𝐵𝐺 (𝐴 + 𝐵) = 𝑆𝐵𝐺 (𝐴) + 𝑆𝐵𝐺 (𝐵)

𝑆𝑞 (𝐴 + 𝐵) = 𝑆𝑞 (𝐴) + 𝑆𝑞 (𝐵)

1−𝑞
𝑘𝐵

(2.1)

∀(𝑞 ≠ 1)

(2.2)

Where (1 − 𝑞) can be considered to be the measure on Non-additivity of the investigated systems
Apart from additivity, there is another property that makes systems distinct in terms of entropy. This
property is the thermodynamic concept of Extensivity. A system with a large number of elements "𝑁" is called
extensive if its entropy is asymptotically proportional to "𝑁". Otherwise, the system is called non extensive.
Contrary to additivity, extensivity depends and on the entropy functionals and on the (possibly existing)
correlations of the system. For example, a system with independent or weak correlated elements has extensive
additive entropy 𝑆𝐵𝐺 and non extensive non additive entropy 𝑆𝑞 . To the contrary, in a strongly correlated system,

the additive entropy 𝑆𝐵𝐺 can be non extensive whereas the non additive entropy 𝑆𝑞 can be extensive for a certain
value of 𝑞. There are also probabilistic systems, where 𝑆𝑞 is non extensive for every value of 𝑞.

2.2.2. The Additive Entropy

It was in 1870′𝑠 that Ludwig Boltzmann introduced the first form of standard statistical mechanics. Thirty
years later, the first objections began to rise. The case was that the foundation of Boltzmann's statistical
mechanics was insecure from it's first principles as the whole work is based on hypotheses concerning the
constitution of matter [54].
More specifically, not all the systems in nature can be described by Boltzman's statistical mechanics as
the formula fails for complex systems. The information tool we will use in this work and that is generally used is
Entropy.
The first entropy formula that was found and worked for the absolute majority of the systems known
(simple and continuous ones), was the Boltzman-Gibbs one, which for W discrete states is:
𝑊

𝑆𝐵𝐺 = 𝑘 ∑ 𝑝𝑖 𝑙𝑛𝑝𝑖

(2.3)

𝑖=1

Where k>0 and as stated by the normalization statement,
𝑊

∑ 𝑝𝑖 = 1

(2.4)

𝑖=1

1

In the case of equal probabilities, meaning that 𝑝𝑖 = 𝑊 , the formula becomes
𝑆𝐵𝐺 = 𝑘𝑙𝑛𝑊 (2.5)
Equation (2.3) has an interesting property. In a system composed of two sub-systems
probabilistically independent with numbers of states 𝑊𝐴 & 𝑊𝐵 respectively and where the joint
probabilities fulfill the factorization statement
𝑝𝑖𝑗𝐴+𝐵 = 𝑝𝑖𝐴 𝑝𝑗𝐵 ∀ (𝑖, 𝑗)

The entropy 𝑆𝐵𝐺 is additive, and thus equation (3.1) is satisfied. last but not least, the
optimization of equation (3.3) under eligible constrains, results, for a system in thermal equilibrium with a
thermostat temperature ”𝑇”, at the named 'B-G Factor of weight'.

𝑝𝑖=

𝑒 −𝛽𝐸𝜄
𝛧𝐵𝐺

(2.6)

𝛽≡

1
𝜅𝛵

(2.7)

With

And
𝑊

𝑍𝐵𝐺 = ∑ 𝑒 −𝛽𝐸𝑗 (2.8)
𝑗=1

Boltzman's entropy as we mentioned earlier is not a universal functional that works for all kinds of
systems, but it is a concept that has to be revised for every different class of system. It works adequately
in the case of simple continuous systems, it needs to be modified in the case of complex systems and
there are also systems where the theory does not work at all. This is the logical outcome of the fact that
the theory is a human intellectual construct and thus there will always be the human error abating the
area of validity of the theory.

2.2.3. Expanding The area

The generalization f B-G statistical entropy was accomplished using a quite different metaphor,
the 3 simplest differential equations were combined and then by taking advantage the concept of
linerarity, the combination of the two parameters from the 3 differential equations were fused into one, the
q-parameter.
The simplest differential equations are said to be:

𝑑𝑦
= 0 , 𝑦(0) = 1
𝑑𝑥

𝑤𝑖𝑡ℎ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑦 = 1 (2.9)

𝑑𝑦
= 1 , 𝑦 (0) = 1
𝑑𝑥
𝑑𝑦
( )
{ 𝑑𝑥 = 𝑦 , 𝑦 0 = 1

𝑤𝑖𝑡ℎ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑦 = 1 + 𝑥 (2.10)
𝑤𝑖𝑡ℎ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑦 = 𝑒 𝑥 (2.11)

Unifying the equations (3.9), (3.10), (3.11), we get:
𝑑𝑦
= 𝑎 + 𝛽𝑦 , 𝑦(0) = 1 ⇒
𝑤𝑖𝑡ℎ 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑡𝑦, 𝑎,𝛽→𝑞
𝑑𝑥
𝑑𝑦
→
= 𝑦 𝑞 , 𝑦(0) = 1 , 𝑞 ∈ 𝑅 (2.12)
𝑑𝑥
With solution
1

𝑦 = [1 + (1 − 𝑞 )𝑥]1−𝑞 ≡ 𝑒𝑞𝑥 , 𝑒1𝑥 = 𝑒 𝑥 (2.13)
And its inverse

𝑦=

𝑥 1−𝑞 − 1
≡ 𝑙𝑛𝑞 𝑥 , 𝑥 > 0,
1−𝑞

𝑙𝑛1 𝑥 = 𝑙𝑛𝑥 (2.14)

After this work, we managed to create two vital components of Tsallis Non Extensive Statistical
Mechanics. Equation (2.13) is named q-exponent and Equation (2.14) is named q-logarithm.
The main characteristic of the q-logarithm is that contrary to the normal logarithm, it is nonadditive. This happns due to the mixing terms that appear when we try to add two q-logarithms of two
different terms A,B.

𝑙𝑛𝑞 𝑥𝐴 𝑥𝐵 = 𝑙𝑛𝑞 𝑥𝐴 + 𝑙𝑛𝑞 𝑥𝐵 + ⟦𝑙𝑛𝑞 𝑥𝐴 𝑙𝑛𝑞 𝑥𝐵 ⟧ (2.15)
where

⟦𝑙𝑛𝑞 𝑥𝐴 𝑙𝑛𝑞 𝑥𝐵 ⟧ = 𝑀𝑖𝑥𝑖𝑛𝑔 𝑡𝑒𝑟𝑚𝑠
The property of Equation (2.15) is called Pseudoadditivity.

The Generalization of B-G statistical mechanics as one would expect, can derive from replacing
the standard exponential and logarithm forms with the q-generalized ones.
The above is verified by a study that showed that for travel time> 2𝑡𝑠 the 𝑆/𝑃 energy ratio is stable in the coda
part of the earthquake and the vertical to horizontal component kinetic energy is stabilized [5], characteristics that
hold true for Coda waves.

2.2.4. The non-additive entropy Sq

Through the metaphor presented above, we replace the normal logarithm with the q-logarithm
and so we obtain the generalization of Equation (2.5) for equal probabilities:
𝑆𝑞 = 𝑘𝑙𝑛𝑞 𝑊 with 𝑆1 = 𝑆𝐵𝐺

(2.16)

And for the general case of arbitrary 𝑝𝑖 (not equal probabilities) applying Equation (2.14) to the
Equation (2.5) for equal brobabilities yields:
𝑞

1 − ∑𝑊
𝑖=1 𝑝𝑖
𝑆𝑞 = 𝑘
𝑞−1

(2.17)

It is also clear that the pseudoadditivity property of the q-logarithm in Equation (2.15) comes from
the q-generalized entropy. This is easily verified if we add the generalized entropies of two independent
systems A,B. where the joint probabilities fulfill the factorization statement:
𝑝𝑖𝑗𝐴+𝐵 = 𝑝𝑖𝐴 𝑝𝑗𝐵 ∀ (𝑖, 𝑗)
We have then
𝑆𝑞 (𝐴 + 𝐵) 𝑆𝑞 (𝐴) 𝑆𝑞 (𝐵)
𝑆𝑞 (𝐴) 𝑆𝑞 (𝐵)
⟧ (2.18)
=
+
+⟦
𝑘
𝑘
𝑘
𝑘
𝑘

Where ⟦

𝑆𝑞 (𝐴) 𝑆𝑞 (𝐵)
𝑘

𝑘

⟧ =Mixing terms. This is the property that makes 𝑆𝑞 for 𝑞 ≠ 1 to be non-

additive. The generalized entropy functional in Equation (2.17) is also valid for continuous variables by
changing the sum to integral:

𝑆𝑞 [𝑝] = 𝑘

1
(1 − ∫ 𝑝(𝑥 )𝑞 𝑑𝑥) , 𝑞 > 1 (2.19)
𝑞−1

Which functional in the limit 𝑞 → 1 also converges to the ordinary Boltzmann
Gibbs entropy:

𝑆𝑞 [𝑝] = 𝑘 ∫ 𝑝(𝑥)𝑙𝑛𝑝(𝑥)𝑑𝑥

2.2.5. Entropy maximization

Let us consider the maximization of 𝑆𝑞 in Equation (2.19) with conditions:

∫ 𝑝(𝑥 )𝑑𝑥 = 1
{

(2.20)
∫ 𝑃𝑞 (𝑥 )𝑈(𝑥 )𝑑𝑥 = 𝑈𝑞

Where
𝑃𝑞 (𝑥)
𝑃 𝑥) =
∫ 𝑃𝑞 (𝑥 )𝑑𝑥
𝑞(

Is called the Escort probability, 𝑈(𝑥) is the function under study which describes the systems’
behavior and 𝑈𝑞 is called q-average. In the case of parabolic function 𝑈 (𝑥 ) = 𝑥 2, 𝑈𝑞 becomes a
generalized variance 𝜎𝑞2 which responds to the intensity of the fluctuations [???].

3. Data selection
The Data Were selected from 2 Datasets. One in South Aegean, recorded from H.S.N.C. network, and one in
northern Italy, recorded by the I.N.S.I.E.M.E. Network in the south Apennines.
3.1.

Data acquisition stations

3.1.1. South Aegean data set

The data for the first part of the work, are taken from APE, ARG, CHAN, KNDR, KRND, KSTL, KTHR,
MHLO and NHS1 stations of the Hellenic seismological network [55] and the seismometers used are Guralp3𝐸𝑆𝑃𝐶 Weak motion seismometers with a frequency response of 120𝑠 − 50𝐻𝑧 and a sample frequency of
100𝐻𝑧.
We used 4 Major earthquake events to perform our analysis:
1. 10/12/2013 13:11:53, Mag.=6.2, Recorded by APE,ARG KRND,MHLO,NHS1
2. 06/15/2013 4:11:01 Mag.=5.8, Recorded by ARG,CHAN,KSTL,KTHR,MHLO
3. 04/16/2015 18:07:44, Mag.=6.1, Recorded by APE,ARG KRND,KSTL,MHLO,NHS1

Figure 3: The earthquake events used in the south Aegean dataset.

As mentioned earlier, their magnitudes are large enough to acquire good quality of signal and a long coda
wave recording. We excluded the recordings where the coda wave was either clipped or very noisy. So the
stations mentioned above represent the best quality recordings.
3.1.2. South Greece Complexity
The area of southern Greece is characterized by its high complexity. It is strongly affected by geodynamic
phenomena due to the convergence of the African and European plates [63]. Southern Greece is the most
seismically active part of Europe and fault movements produce vertical changes in the height of the land, commonly
observed by local changes in sea level.
More extensively, The Mediterranean tectonic plate is being subducted below the Aegean Sea. The melting of the
plate produces molten rock, which rises to the surface as the South Aegean volcanic arc which acts as a velocity
boundary. This makes the region north of the arc to expand, forcing Crete southward and producing earthquake events.
In addition, the Anatolian plate is pushing eastward, separated from the Eurasian plate by the North Anatolian fault
and its extension, the North Aegean fault zone. Also, the Mediterranean plate subducts along a major thrust fault and
melts at a depth of 100 km to feed the active volcanoes and faults provide channels for surface water to descend deep in
the Earth and rise as hot springs [64].
The complexity hidden underneath the surface of this site renders it ideal to check our theory.

3.1.3. South Appenines Records

The data for the second part of the work, are taken from INS1,INSx stations of the “SIR-MIUR Project
INSIEME-Broadband seismic network in Val D’Agri (Southern Italy)” seismological network [61].
This selection was such because those 2 stations are positioned in different depths. INS1 station is
positioned on ground level while INSX station in positioned in a borehole 50m underground. In the same time,
those stations are on the same coordinates with only 30m distance, which in our case is irrelevant as the earth’s
scatterers have a much larger scale length and the earthquakes studied occurred very far away.
The seismometers used are IRIS-Trillium Compact Seismometers with a frequency response of 120𝑠 −
50𝐻𝑧 and a sample frequency of 250𝐻𝑧.
For this work we used 4 seismic events occurred in Italy and 2 seismic events occurred in Greece.
1) 26/10/2016 Ml=5.5 Central Italy.
2) 01/11/2016 Ml=4.9 Central Italy.
3) 18/01/2017 Ml=5.5 Central Italy
4) 16/10/2016 Ml=4.8 Greece
5) 16/10/2016 Ml=4.0 Greece

Figure 4: The earthquake events used in the INSIEME dataset.

3.1.4. The complexity of the Southern Apennines

The south Apennines fold-and-thrust belt is a circum-Mediterranean orogeny, where the complex tectonic
and stratigraphic imprint is preserved and enhanced every year due to the continuous collision between African
and European plates.
More extensively, the structural geometries characterizing the southern Apennines, as well as the out-ofsequences thrusting and the basin networks due to differential erosion and fracturing, have high degree
complexity as they have resulted from complex deformation and depositional history [65,66,67,68].
Like the Southern Greece’s case, it is an ideal site to check for complex structures through our theory. We
expect in both sites the complexity of the earth’s crust to be projected onto the Coda waves.

3.2.

Coda wave selection

As mentioned in the introduction, only a certain part of the seismogram has the certain
characteristics needed to be called Coda Wave. Using the Bibliographic information, we will
isolate the coda part with computational methods.

3.2.1. Coda wave initiation

The data analysis in this work were conducted with the use of Matlab© and Dimas softwares. The first
part is the selection of the coda wave. To achieve this, we use the principles presented in the first chapter.
As mentioned in the first chapter, the first step was to find the time interval between the arrival of the P
and S waves. This was a time window equal to time 𝑡𝑠𝑝 . We slided that window it for time equal its length so that
the end of that slided window is in 𝑡 = 2𝑡𝑠 and thus, the initiation of the Coda wave according to the bibliography.
The coda part of the earthquake waveform is the part for 𝑡 > 2𝑡𝑠𝑝 . This process can be easily
understood in Figure 3. Below:

Figure 5: A window was selected with length equal to the time between the arrival of P and S
waves(Green box). The window is slided for time equal its length.The end of the slided window composes
the Beginning of the coda wave.

The process explained above was conducted in Dimas software and the Coda selected was very long
(>10 minutes). Following, with the Sliding window method, we calculated the ending of the Coda wave.

3.2.2. Coda wave ending

We defined the ending of the Coda waveform, as the point where the

𝑆𝑖𝑔𝑛𝑎𝑙
𝑁𝑜𝑖𝑠𝑒

ratio reached the value 3.

We achieved that by making an algorithm in Matlab (given in the appendix), which with continuous iterations
calculated the signal to noise ratio for the whole length of the waveform beginning at the point 𝑡𝐶𝑜𝑑𝑎 = 2𝑡𝑠𝑝 . The
method worked as following.
Noise window
We selected a time window before the arrival of the P-waves which represent the noise fluctuations of the
signal. The noises’ window length "𝑡𝑛𝑜𝑖𝑠𝑒 " varies between 1 − 3 𝑚𝑖𝑛𝑢𝑡𝑒𝑠. The selection of this time length

was such, because we observed that the averaging of the noise windows comes to saturation
after~0.2 𝑆𝑒𝑐𝑜𝑛𝑑𝑠. As shown in Figure 5 Below:

Figure 6: By increasing the time window we see that its average amplitude comes to
saturation after around 0.2 Seconds
So we concluded that for 𝑡𝑛𝑜𝑖𝑠𝑒 = 1 − 3 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 should be an adequate time frame in order to
acquire the real average value of the noise fluctuations in each coda wave. Following, we found the average
̅ " within that noise window.
Amplitude value of the amplitudes "𝑁
Signal window
After the noise window selection we selected a same length time window within the coda wave initiating
at 2𝑡𝑠 and finishing at 2𝑡𝑠 + 𝑡𝑛𝑜𝑖𝑠𝑒 . In the same manner, we evaluated the average amplitude value of the First
Signal window "𝑆1̅ " and then we calculated Signal to noise ratio (𝑆𝑁𝑅) for the First signal window:

𝑆𝑁𝑅 =

𝑆𝑖𝑔𝑛𝑎𝑙 𝑆1̅
= ̅
𝑁𝑜𝑖𝑠𝑒
𝑁

With an iteration loop we do the same by sliding the Signal window by one count each time.
Knowing that the sampling rate of the seismometer is 100𝐻𝑧, 1 count equals to 0.01 𝑆𝑒𝑐𝑜𝑛𝑑. So the
sliding window is 0.01 𝑆𝑒𝑐𝑜𝑛𝑑. In each iteration "𝑖" we calculated the respective signal to noise ratio:

𝑆𝑁𝑅𝑖 = (

𝑆𝑖𝑔𝑛𝑎𝑙
𝑆𝑖̅
) = ̅
𝑁𝑜𝑖𝑠𝑒 𝑖 𝑁

The loop stops at the 𝑛𝑡ℎ iteration where:

𝑆𝑁𝑅𝑛 = (

𝑆𝑖𝑔𝑛𝑎𝑙
𝑆𝑛̅
) = ̅ =3
𝑁𝑜𝑖𝑠𝑒 𝑛 𝑁

In Figure 4 we can see the SNR values for the calculation of a coda wave.
It must be noted at this point that the amplitude value composing the data is voltage and its
dimensions are in arbitrary units. We do not need to transform them to other units as we are interested in
the fluctuations which entail the same information.

Figure 7: We see that the SNR value fluctuates greatly and drops to 3 after about 35000 iterations.

Figure 8: The selected coda wave (Red) after we evaluated the signal to noise ratio. we can also
see the noise (Green) window selected as well as the Primary (Blue) and Secondary (Magenda) waves.

Figure 9: The Incremental values of the waveform of Figure. 8. we can again see the increments of the
noise (Green) window selected as well as the Primary (Blue) and Secondary (Magenda) waves’
Increments

Now we have our coda waves ready and set in place for the data analysis.

4. Data analysis
After having our coda waves cut and ready the next step is analysis. Following the non-extensive
statistical physics approach, the probability distribution function of the increments of coda waves is investigated.
We defined the function
𝑋(𝑡) = 𝑆(𝑡 + 1) − 𝑆(𝑡) (4.1)
Whereas 𝑆(𝑡) is the measured ground velocity in the East-West and North-South direction.
We proceeded by analyzing the normalized increments X(t) and constructing the Probability Density
Function (PDF)p(x), normalized to zero mean and unit variance and introducing the variable 𝑥 =

(𝑋−〈𝑋〉)
𝜎𝑥

, With 𝜎𝑥

being the standard deviation of 𝑋(𝑡). This indicates that the PDF's associated with the normalized increments of

1st EVENT

qEast-West

qNorth-South

from the standard

Gaussian shape due to the

APE

1.86

1.84

existence of heavy

tails and can rather be described by

ARG

1.83

1.82

the q-Gaussian

function of the form

KRND

1.88

1.87

MHLO

1.98

2.02

NHS1

1.60

1.59

the measured coda waves, deviates

𝑝( 𝑥 ) = 𝐴 [ 1 + 𝐵 ( 𝑞 − 1 ) 𝑥 2 ]

−

1
𝑞−1

(4.2)

In this point it must be mentioned that Incremental values show the evolution of changes in time series,
since every point in the incremental series contains information of the present state of the measured value as
related to the past, giving information on the existence of possible memory effects [61].
The q-parameters derived from the fitting of the observed data to Equation (4.2) are observed in the two
following datasets.
4.1.

South Aegean Data Set

4.1.1. Coda Increments in the South Aegean Dataset Events

In this part of the analysis we fit the data of coda wave increments of the seismic events of the South
Aegean data set to Equation (4.2) and found that 𝑝(𝑥) distributions deviate from the Gaussian shape and they
can be satisfyingly explained by means of Non-extensive statistical mechanics.
More extensively, the q-values observed are shown in Tables 1,2,3 and respective figures of the two
components (East-West and North-South) of each of the events are shown in Figures 9,10,11 Below.

Table 1: The q-values of the coda waves of the 1st seismic event as
Recorded by APE, ARG, KRND, MHLO, NHS1 stations of the H.S.N.C.

Figure 10: Incremental data of the coda waves from the 𝟏𝒔𝒕 event recorded from APE station (Black
circles) and the fitted Eq 4.2. (Red line). The 𝟗𝟓% Confidence bounds give error 𝑞𝑒𝑟𝑟 = 0.10 In the EastWest component the q-value is 𝒒 = 𝟏. 𝟖𝟔 whereas in the North-South component is slightly less 𝒒 =
𝟏. 𝟖𝟒. In the image we also see the Gaussian Curve (Black line) which corresponds to 𝑞 = 1.

2nd EVENT

qEast-West

qNorth-South

ARG

1.35

1.37

CHAN

1.92

1.91

KSTL

1.92

1.92

KTHR

1.57

1.58

MHLO

1.89

1.86

Table 2: The q-values of the coda waves of the 2nd seismic event as
Recorded by ARG, CHAN, KSTL, KTHR, MHLO stations of the H.S.N.C.

Figure 11: Incremental data of the coda waves from the 2nd event recorded from KTHR station (Black
circles) and the fitted Eq 4.2. (Red line). The 𝟗𝟓% Confidence bounds give error 𝒒𝒆𝒓𝒓 = 𝟎. 𝟏𝟎 In the
East-West component the q-value is 𝒒 = 𝟏. 𝟓𝟕 whereas in the North-South component is slightly more
𝒒 = 𝟏. 𝟓𝟖. In the image we also see the Gaussian Curve (Black line) which corresponds to 𝒒 = 𝟏.

3d EVENT

qEast-West

qNorth-South

APE

1.80

1.80

ARG

1.89

1.90

KRND

1.83

1.82

KSTL

1.96

1.96

MHLO

1.98

1.92

NHS1

1.98

1.93

Table 3: The q-values of the coda waves of the 3rd seismic event as
Recorded by APE, ARG, KRND, KSTL, MHLO and NHS1 stations of the H.S.N.C.

Figure 12: Incremental data of the coda waves from the 3 rd event recorded from KSTL station (Black circles) and
the fitted Eq 4.2. (Red line).
The 95% Confidence bounds give error 𝑞𝑒𝑟𝑟 = 0.10 In the East-West component the q-value is q=1.96, same
with the North-South component. In the image we also see the Gaussian Curve (Black line) which corresponds to
𝑞 = 1.

The results support the non-extensive character of Seismic coda wave increments as they deviate from
the Gaussian behavior and “Heavy tails” are present leading to the conclusion that the seismic coda waves
present Long-term memory effects.
Also, the q values are different for each station. This probably links up to their path difference and thus
the scatterer differences they encounter through those paths. It is highly probable that the Coda waves indeed
carry information linked to the Earth’s scatterers.

4.1.2. q-Gaussian spectrum in the South Aegean Seismic events
In the literature review of the first chapter we saw that the coda waves exist due to scatterers and the
interaction of the latter with the ballistic waves generated by each earthquake event. This occurs due to scattering
mechanisms that take place within the earth’s crust.
We also saw that the coda waves compose of many different frequencies within the bandwidth of 1 −
50𝐻𝑧 each of which has different characteristics. Also, the attenuation is different for the different frequency
bands of the coda waves.
Initiating with this chain of thought we made for the first time a q-spectrum. Meaning that for several
frequency bands we found the q-values of the seismogram.

Filter application
We wanted to see the incremental "𝑞" value for each of the 2 − 4 𝐻𝑧 , 4 − 8𝐻𝑧, 8 − 12 𝐻𝑧 and 12 −
16 𝐻𝑧 frequency bands. The selection of those bands was not random; those were the frequency bands which
according to the power spectrum density of the coda waves, hold the highest amount of energy. Also (τι άλλο
προσθετω εδώ?) This fact is illustrated in Figures 8,9 Below.

Figure 13: A typical power spectrum density of the First events’ Coda waveform

Figure 14: A typical power spectrum density of the second events’ Coda waveform.

Figure 15: A typical power spectrum density of the Third events’ Coda waveform

. In order to have good spectral resolution we used narrow Bandwidth Chebyshev filters of 2 − 4 𝐻𝑧
width. We then calculated the 𝑞 −value in each window as earlier.
We used Chebyshev filters because we needed a sharp cutoff frequency as the frequency bandwidth of
2 − 4𝐻𝑧 is narrow. Normal Butterworth filters used In the Bibliography don't achieve such a sharp transition
because they have flat pass/stop bands. By relaxing the condition of the at pass/stop band we achieve those

sharper cutoffs in our filters [56]. The only drawback is that there is a ripple in the stop band and thus energy
leakage. In our case though the ripple is very small and thus the energy leakage does not affect our
measurements.
Also because the frequency width of 2𝐻𝑧 is very small we weren’t able to make a simple band pass filter
in matlab so we used a combination of two filters, one low pass and one high pass. For example for the 2 − 4𝐻𝑧
filter we made a High pass of 2 − 50 𝐻𝑧 bandwidth as shown in Figure 9 and a low pass of 0 − 4𝐻𝑧 bandwidth
as shown in Figure 9. In the same manner we constructed all of our filters.

Figure 16: The 2-50 Hz high pass Chebyshev filter. The image is zoomed for better resolution. We are able
to see the ripple of the stop-band and the sharp cutoff. The filter needs only ~1 Hz to reach the stop-Band.

Figure 17: The 0-4 Hz Low pass Chebyshev filter. The image is zoomed for better resolution. we are able
to see the ripple of the stop-band and the sharp cutoff. The filter needs only ~1 Hz to reach the stop-Ban

Coda-spectrum N.E.S.P Analysis
After applying the filters and running the analysis of the waveforms presented earlier, the results are
given to the tables below:
First event
1st Event

APE

APE

ARG

ARG

KRND

KRND

MHLO

MHLO

NHS1

NHS1

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

Unfiltered

1.85

1.84

1.83

1.82

1.88

1.87

1.98

2.20

1.60

1.59

2-4Hz

2.14

2.09

2.02

2.02

2.12

2.04

2.18

2.18

2.12

2.07

4-8Hz

2.03

2.01

1.97

1.99

1.98

2.05

2.06

2.08

2.01

2.03

8-12Hz

1.98

1.84

1.75

1.75

1.91

1.94

1.94

1.96

1.90

1.87

12-16HZ

1.90

1.78

1.42

1.47

1.85

1.81

1.90

1.94

1.77

1.75

Second Event
2nd Event

Unfiltered

ARG ARG CHAN CHAN KSTL KSTL KTHR KTHR MHLO MHLO

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

1.35

1.37

1.92

1.91

1.92

1.92

1.57

1.58

1.89

1.86

2-4Hz

1.85

1.86

1.99

1.99

2.1

2.1

1.8

1.8

1.9

1.9

4-8Hz

1.65

1.65

1.88

1.89

1.87

1.86

1.58

1.57

1.76

1.6

8-12Hz

1.32

1.43

1.71

1.73

1.78

1.6

1.45

1.4

1.56

1.47

Third Event
3nd Event

Unfiltered

APE APE ARG ARG KRND KRND KSTL KSTL MHLO MHLO NIS1 NIS1

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

qEW

qNS

1.80

1.80

1.89

1.90

1.83

1.82

2.10

2.10

1.98

1.92

1.98

1.93

2-4Hz

2.15

2.20

2.25

2.20

2.10

2.10

2.10

2.10

2.10

2.10

2.10

2.10

4-8Hz

2.00

1.96

2.05

1.98

1.99

2.00

2.10

2.10

1.93

2.12

1.95

1.94

8-12Hz

1.87

1.84

1.89

2.00

1.70

1.70

1.86

1.81

1.89

1.96

1.64

1.52

We see that there is an obvious dependence of the q-value to the frequency. And that with increasing
frequency, the q value decreases.

4.2.

South Apennines dataset

The next step of our analysis was to study the noise in the second dataset of the INSIEME stations. We
are taking advantage of the fact that we have 2 stations with depth difference. One is on ground level and the
other in a borehole 50m underground. We will use this fact to check for possible differences of noise and coda
wave data with depth.

4.2.1. q-Gaussian noise analysis with depth
In the first part wee studied the dependence of the Non-extensive parameter q with depth. The analysis
consists of dividing a daily waveform free of human induced noise into overlapping 30Minute windows with 50%
Overlap and running the NESP incremental analysis.
The advantage of the Buried station is that its signal is not corrupted by noise in the same extent with the
Ground station. We can easily observe this fact in Figures 15, 16

Figure 18: East-West component of the Buried station (above) and the Ground station (Below). The
ground station presents persistent spikes and is more corrupted.

Figure 19: North-South component of the Buried station (above) and the Ground station (Below). The
ground station presents persistent spikes and is more corrupted.
We selected 30 Minute windows because on a smilar work conducted [58] it was shown that the q-Value
of ambient noise depends on the time window selected and that it was saturated for time windows greater than 20
minutes. So in the 30 minute window the q-value will be saturated. The results are shown in the table and figure
below:
Borehole EW 1.29 1.32 1.30 1.30 1.29 1.29 1.28 1.31 1.31
Borehole NS 1.42 1.38 1.31 1.21 1.32 1.26 1.25 1.26 1.28
Ground

EW 1.33 1.32 1.39 1.37 1.46 1.62 1.60 1.53 1.51

Ground

NS 1.36 1.59 1.45 1.40 1.40 1.63 1.68 1.60 1.56

Figure 20: The q-values of the overlapping windows of the Deep (Red colors) and Ground (Green colors)
stations in their East-Wens (above) and North-South (below) components. We also see the average qvalues of the 2 stations For both components whose values are almost the same. There is a clear
difference with depth.

Figure 21: Sample figures of 30 Second Incremental data of the East-West component (seventh
measurement in Table above) acquired from the INSIEME stations (Black circles) and fitted to Eq.
4.2 (Red line). The 95% Confidence bounds show error 𝒒𝒆𝒓𝒓 = 𝟎. 𝟎𝟓 in both components. The
North-South component has the same value as earlier with slight deviation. . In the image we also
see the Gaussian Curve (Black line) which corresponds to 𝒒 = 𝟏. There is an obvious bias in the Ground
measurement with Higher q-Value probably due to corruption.

We see that there is a difference of the q-Values between the Ground station and the buried station. The
𝐸𝑊
𝑁𝑆
q-Average of the Ground station is 𝑞𝐺𝑟𝑜𝑢𝑛𝑑
= 1.48 ± 0.10 For the East-West component and 𝑞𝐺𝑟𝑜𝑢𝑛𝑑
=
𝐸𝑊
1.54 ± 0.11 for the North –South component where The q-Average of the Buried station is 𝑞𝐵𝑢𝑟𝑖𝑒𝑑
= 1.30 ±
𝑁𝑆
0.01 For the East-West component and 𝑞𝐵𝑢𝑟𝑖𝑒𝑑
= 1.28 ± 0.05 for the North –South component. This makes

an average of 𝑞𝐺𝑟𝑜𝑢𝑛𝑑 ≈ 1.47 ± 0.05 for the Ground station and 𝑞𝐵𝑢𝑟𝑖𝑒𝑑 ≈ 1.30 ± 0.05 for the buried
station.

4.2.2.

Coda Wave increment N.E.S.P analysis with depth

The next step in our work was to run the same analysis as in the first part with Coda waves from the two
stations of INSIEME and thus seing if the non-extensive parameter-q differs with depth.
The analysis was conducted in the East-west and North-south Components and the results are shown in
the table Below:

Borehole

Ground

Borehole

Ground

station

station

station

station

q East-West

q North south

q North south

Event q East-West
1

1.73±0.07

1.81±0.06

1.75±0.05

1.79±0.04

2

1.86±0.05

1.86±0.05

1.85±0.07

1.86±0.07

3

1.64±0.06

1.67±0.07

1.69±0.07

1.72±0.07

4

1.77±0.07

1.78±0.07

1.71±0.06

1.75±0.06

5

1.80±0.07

1.67±0.07

1.78±0.06

1.74±0.07

We see that the q-Values remain the same for the Ground as well as the buried stations.
We see a different q-Value for each seismic event, but same q values for each component and depth, both for
ground and deep stations. This correlates with a study that found that for single station measurement there was
not change of coda wave attenuation with depth between two stations of ground level and in 100m Borehole [18].

5. Discussion

5.1.

Coda Increments in the South Aegean

The properties of seismic Coda wave fluctuations are discussed here from the prespective of
non-extensive statistical physics. The results support the non-extensive character of seismic coda wave
increments as they deviate from the Gaussian behavior and “Heavy tails” are present, leading to the
conclusion that coda-waves present long-term memory effects Probably due to the effect of
multiscattering caused by the scatterers they encounter in their path.
Those findings are stimulating discussion to further studies that will view seismic wave
propagation in complex geostructures in terms of a Tsallis approach.

5.2.

Coda q-Value dependence to frequency

In this part and for the first time, we study the frequency dependence of q since the overall q estimated is
based on a recording which is the superposition of many harmonic waves. We study the dependence of q in
different frequency bands.
A general trend of a decreasing of coda incremental q-Value with frequency is observed for the
first time.

5.3.

Noise increments q-value difference with depth

In this part we study the incremental q-Values of 30-minute overlapping windows obtained from 2
seismometers, one on the ground and one in a 50m borehole in order to find differences.
The result is that the q-value on the surface is larger. A possible interpretation is that local waves are
strongly influenced by local scatterers because noise is composed of local waves “entrapped” within the local

region bounded by scatterers.. The wave field thus represents the local near surface structure and this result is
verified by the fact that the values are not the same in the 2 depths.

5.4.

Coda increments in the south Italy

In this part we studied the incremental q-values of coda waves from seismic events in south Italy and
northern Greece from the 2 Insieme stations as in the previous part in order to check for depth sensitivity.
The result was that the q-Values in each component were the same on the ground and within the
borehole. This verifies the assumption that coda waves’ characteristics and content is defined by the scatterers in
the far field from the stations and not near field. Our results come in agreement with a previous study that showed
that coda attenuation did not change with depth in the same experimental setup with a 100m borehole [18]. Also,
comparing our results with that study, we can conclude that the q-Value indeed carries information about the
coda-wave attenuation, as both of those characteristics remain unchanged for each seismic event with depth and
thus they must carry the same information which is defined by the multiscattering effects within the earth’s crust.
Concluding, our work comes in agreement with works that assume the framework of fractal distributed
earth to be more suitable [52]. In this way a new path is opened where we can study earth’s properties in terms of
Tsallis entropy and multifractality as the existence of q in the coda wave increments unveils the bias in the
PDFp(x) caused probably due to this “bias”.
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